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Abstract

Many causal parameters depend on a moment of the joint distribution of potential outcomes.
Such parameters are especially relevant in policy evaluation settings, where noncompliance is
common and accommodated through the model of Imbens & Angrist (1994). This paper shows
that the sharp identified set for these parameters is an interval with endpoints characterized
by the value of optimal transport problems. Sample analogue estimators are proposed based
on the dual problem of optimal transport. These estimators are y/n-consistent and converge in
distribution under mild assumptions. Inference procedures based on the bootstrap are straight-
forward and computationally convenient. The ideas and estimators are demonstrated in an
application revisiting the National Supported Work Demonstration job training program. I find
suggestive evidence that workers who would see below average earnings without treatment tend

to see above average benefits from treatment.
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1 Introduction

Researchers studying the causal effects of a binary treatment see an observation’s treated or un-
treated outcome, but never both. As a result, the data identify the marginal distributions of each
potential outcome, but not their joint distribution. This “fundamental problem of causal inference”
(Holland, 1986) leaves parameters depending on the joint distribution partially identified.

In this paper I study a wide class of parameters that depend on a moment of the joint dis-
tribution of potential outcomes. My setting is the canonical potential outcomes framework with
binary treatment, a binary instrument satisfying a monotonicity restriction, and finitely supported
covariates (Imbens & Angrist, 1994; Abadie, 2003). In this setting, I show the sharp identified set
for such parameters is an interval with endpoints characterized by the value of optimal transport
problems. I propose sample analogue estimators based on the dual problem of optimal transport,
which facilitates both computation and asymptotic analysis. Through the functional delta method,
I show these estimators converge in distribution allowing for straightforward inference procedures
based on the bootstrap.

The proposed estimators are especially attractive due to their wide applicability and computa-
tional simplicity. The class of parameters under study is broad, including the correlation between
potential outcomes, the probability of benefitting from treatment, and many more examples dis-
cussed in section 2. As argued in Heckman et al. (1997), such parameters are of particular interest
to policymakers and economists carrying out econometric policy evaluation. Noncompliance with
the assigned treatment status is common in these settings. Most studies accomodate noncompli-
ance with the same framework adopted in this paper, and could make use of these estimators with
no additional identifying assumptions. Computing the estimator and constructing confidence sets
entails nothing more challenging than solving linear programming problems, for which there are
fast and efficient algorithms readily available.

This paper contributes to a large econometrics literature studying parameters of the joint dis-
tribution of potential outcomes. Many papers in this literature focus on a subset of the parameters
considered here, especially the cumulative distribution function (cdf) or quantiles of treatment ef-
fects (Manski, 1997; Heckman et al., 1997; Firpo, 2007; Fan & Park, 2010, 2012; Firpo & Ridder,
2019; Callaway, 2021; Frandsen & Lefgren, 2021). This limited focus allows greater use of known
analytical expressions when deriving sharp bounds, especially the famed Makarov bounds on the

cdf and Fréchet-Hoeffding bounds on the joint distribution. Several recent works develop meth-



ods applicable to broad parameters classes by employing procedures that do not require analytical
expressions for the identified set. Russell (2021) studies continuous functionals of the joint distri-
bution of discrete potential outcomes, through a computationally intensive (sometimes infeasible)
search over all permissible distributions of model primitives. Fan et al. (2023) study parameters
identified through moment conditions in several incomplete data settings — including potential out-
comes — by searching over an infinite dimensional space of smooth copulas. This paper occupies a
middle ground: by focusing on parameters that depend on a scalar moment of the joint distribu-
tion and working with optimal transport, I obtain expressions for the bounds with tractable sample
analogues. This approach allows consideration of a wide variety of parameters while maintaining
computational tractability.

This paper also contributes to a growing literature on applications of optimal transport to
econometrics; see Galichon (2017) for a recent survey. Several recent working papers utilize optimal
transport for issues related to casual inference, including inverse propensity weighting (Dunipace,
2021), matching on covariates (Gunsilius & Xu, 2021), and obtaining counterfactual distributions
(Torous et al., 2021). In concurrent and highly complementary work, Ji et al. (2023) consider a
very similar class of parameters to the present paper and also propose inference based on the dual
problem of optimal transport. Their focus, accomodating non-discrete covariates without resorting
to parametric models, leads to theory based on cross fitting and high-level assumptions on first
stage estimators. The goal of the present paper is to provide simple, low-level conditions and
computationally convenient estimators in the common case where covariates are discrete. This
leads to theory based on Hadamard directional differentiability and the functional delta method
quite distinct from that of Ji et al. (2023).

The remainder of this paper is organized as follows. Section 2 formalizes the setting and
introduces the class of parameters under study. Optimal transport is introduced in section 3, and
used in identification in section 4. Section 5 proposes the estimators and contains the asymptotic
results. Section 6 explores the finite sample properties of the estimators in a brief simulation study.
Section 7 contains the application, showing suggestive evidence that the the National Supported
Work Demonstration job training program was especially beneficial for workers who would otherwise
see below average incomes. Section 8 discusses straightforward extensions. All formal results are

proven in the appendix.



2 Setting and parameter class

2.1 Setting

Consider a potential outcomes framework with binary treatment, a binary instrument, and finitely
supported covariates (Imbens & Angrist (1994), Abadie (2003)). Let Y denote the scalar, real-
valued outcome of interest and D € {0, 1} indicate treatment status. Further let Y; denote the
potential outcome when treated and Yp the potential outcome when untreated. The observed
outcome Y is given by

Y = DY; + (1 — D)Y,. (1)

The difference in potential outcomes, Y7 — Yp, is called the treatment effect.
The binary instrument is denoted Z € {0,1}. Let D; denote the treatment status when Z = 1,

and Dy the treatment status when Z = 0. The observed treatment status D is given by
D = ZDy + (1 - Z)Dy. (2)

It is assumed that the instrument itself does not affect the outcome.! Units with 1 = Dy > Dy =0
are known as compliers.

Assumption 1 formalizes the setting.

Assumption 1 (Setting). {Y;, D;, Z;, X;}7, is an i.i.d. sample with (Y,D,Z,X) ~ P,
Y € Y CR, D € {0,1}, Z € {0,1}, XeX={z,..., o} CRE  (3)

where Y, D, and Z are related to (Y1,Yy, D1, Dg) through equations (1) and (2), and the random
vector (Y1, Yy, D1, Do, Z, X) satisfies

(i) Instrument independence: (Y1,Yy,D1,Do) L Z | X,

(ii) Monotonicity: P(Dy > Dgy) =1,
(i1i) Existence of compliers: P(Dy > Dy, X = x) > 0 for each x, and
(iv) P(X =x,Z = z) >0 for each (z,2).

Assumption 1 is essentially equivalent to assumption 2.1 in Abadie (2003), with the addition that

covariates are finitely supported. Instrument independence is sometimes referred to as ignorability,

1One could hypothesize potential outcomes varying with the value of the instrument, i.e. Y. for each (d, z). The
exposition here implicitly assumes instrument exclusion, also known as the Stable Unit Treatment Value Assumption:
that P(Y41 = Yao) = 1 for each d.



and satisfied in most randomized controlled trials, where Z indicates being assigned to treatment.
Monotonicity is typically a weak assumption in such settings.

It is worth emphasizing that this setting nests the case where treatment is exogenous. Specif-
ically, when D; = 1 and Dy = 0 (degenerately), every unit is a complier. In this case equation
(2) shows treatment status equals the instrument: D = Z. Instrument independence simplifies to

(Y1,Yy) L D | X, and monotonicity is trivially satisfied.

2.1.1 Distributions of compliers

Interest focuses on the distribution of compliers. Such focus is especially policy relevant when “the
policy is the instrument” i.e., the proposed change in policy is to assign Z = 1 to all units. Abadie
(2003) shows that assumption 1 suffices to identify the marginal distributions of Y} and Yj for the

subpopulation of compliers.

Lemma 2.1 (Abadie (2003)). Suppose assumption 1 holds. Then the marginal distributions of Yy
conditional on D1 > Dy and X = x, denoted Py, are identified by

Ep, [f(Ya)] = E[f(Ya) | D1 > Do, X = z]
_EfMI{D=d}|Z=d, X =x|-E[f(Y)I{D=d} | Z=1—d,X =]
B PD=d|Z=d,X=2)—-P(D=d|Z=1-d,X =ux)

(4)

for any integrable function f. Furthermore, the distribution of X conditional on D1 > Dg is
identified by

sz = P(X =2| D1 > Dy)
_ [PD=1]Z=1,X=2)-PD=1|Z=0,X =2)|P(X =) .
Y PD=1|Z=1,X=2)-PD=1|Z=0,X =2/)]P(X =) 5)

The joint distribution of potential outcomes is not identified. This is a result of the funda-
mental problem of causal inference: there is no unit where both Y; and Y are observed, and as
a result the joint distribution of (Y7,Y)) is not identified for any subpopulation. Let P; o denote
the joint distribution of (Y1, Yp) conditional on compliance, and P, o|,, denote the joint distribution
conditional on compliance and X = x. These are related through the law of iterated expectations;

for any function c(y1,yo) with values in R,

EPl,o[C(Ylv%)] = E[E[c(Y1,Y)) | D1 > Do, X| | D1 > Do] = ZSIEPL()\I[C(H’)/O)]'

T

This relation can also be expressed as Pig =), $2.P1 0z



A joint distribution with marginals Py, and Py, is called a coupling of Py, and Py, P g is
such a coupling, and is otherwise unrestricted by assumption 1. Thus the identified set for P g, is

the set of distributions my g, for (Y1,Yp) with marginals 7, = Py, and mg|, = Py, denoted

H(Pl\xa P0|a:) = {Wl,O\z T = P1|:ca Tolz = PO\x} . (6)
Moreover, the identified set for P o is {7r170 = 25210z * Ti0}z € L(Pyq, P0|l,)}.

2.2 Parameter class

The idea at the core of this paper is to bound a moment of the joint distribution of potential

outcomes by optimization. Accordingly, the focus is on scalar parameters of the form

v =g(0,n) (7)

where g is a known function and 0 = Ep, ,[c(Y1, Yo)] € R is a scalar moment of the joint distribution
of (Y1,Yp) conditional on compliance. The function ¢ is known, and referred to as a “cost function”
in connection with the optimal transport literature. This class of parameters is broad, as illustrated
by the examples given below. In each of these examples 7 is a finite collection of moments of the
marginal distributions conditional on compliers: 1 = (Ep,[n1(Y1)], Ep,[10(Y0)]) € RE1TK0. The
formal results focus on this case, but could be generalized to allow 7 to be other point identified
nuisance parameters.

The following conditions are stronger than necessary for identification of the sharp identified set
of v, but will be used when constructing and studying estimators. Assumption 2 places restrictions
on the cost function to ensure optimal transport can be used characterize and estimate the sharp

identified set for 6.

Assumption 2 (Cost function). Fither
(i) c(y1,y0) is Lipschitz continuous and ) is compact, or
(ii) c(y1,y0) = L{y1 —yo < 6} for a known § € R and the cumulative distribution functions
Fyo(y) = P(Ya <y | D1 > Do, X = z) are continuous.

Assumption 2 covers every example listed below. Continuous cost functions ¢ are given a unified
analysis, but for reasons discussed in section 3 discontinuous cost functions must be handled on a

case-by-case basis. I focus on the leading case of interest in applications, ¢(y1,y0) = 1{y1 —yo < d},



corresponding to the cumulative distribution of treatment effects. The approach developed in this
paper could likely be generalized to cover other discontinuous cost functions; for example, results
in the appendix allow estimation of the sharp lower bound of P((Y7,Yy) € C) for any open, convex
set C' C R2.

Assumption 2 (ii) requires the cdfs Fyj, be continuous. As discussed in section 4, this ensures
the set being estimated is the sharp identified set for the parameter of interest. However, the
estimation and inference results of section 5 hold regardless of whether the cdfs are continuous or
not; when the cdfs are not continuous, the estimand is a valid outer identified set.

Under assumptions 1 and 2, the sharp identified set for 6 is an interval [07, /]. Assumption 3

contains conditions on g and 7.

Assumption 3 (Function of moments). The parameter is v = g(6,7n) € R, where
0 = E[c(Y1,Y0) | D1 > Do) € R, n=E [m(Y1),m0(Yo) | D1 > Dy € RF1H5o
for known functions g, ¢, n1 and ng such that
(i) Elllna(Y)|?] < oo ford = 1,0,
(ii) g(-,m) is continuous, and
(iii) the functions

L, L 4H . H L ,H
t7,t7",e) = min t,e), t7,t7,e) = max t,e

are continuously differentiable at (t* t" e) = (0%, 01 n).

Note that when 6 itself is of interest, assumption 3 is satisfied with g(6,n) = 6. Assumption 3
(ii) ensures the identified set for v is the interval [y*, 4], and assumption 3 (iii) is used to apply
the delta method. It is straightforward to show assumption 3 (iii) holds when g is continuously
differentiable in both arguments and g(-,7n) is strictly increasing, as the latter condition implies
g= (0%, 0" n) = g(6",n) and g (67,07 1) = g(6",n) and the former condition implies they are
continuously differentiable. This argument applies to every parameter listed below. When g is
differentiable but g(-,7n) is not monotonic, it is often possible to use the implicit function theorem
applied to first order conditions to derive sufficient conditions for the corresponding arg min and

arg max to be differentiable, and thus for assumption 3 (iii) to hold.



2.2.1 Examples

The following examples are intended both to fix ideas and illustrate the broad scope of the parameter

class described above.

Example 2.1 (Summary statistics). Many summary statistics can be rewritten in the form v =
g(0,m). For example, suppose interest is in the variance of treatment effects for compliers: v =
Var(Y1 — Yy | D1 > Dg). This parameter can be rewritten as

Y = Var(Yi — Yo | D1 > Dy) = Ep, (Y — Y0)?] - (Ep, [Yi] — Epy[Yo])?.

This parameter fits the form ~ = g(0,m) required of display (7), with § = Ep, ,[(Y1 — Y5)?], n =
(1,79®) = (Ep, [Vi], En,[Yo]), and g(6,m) = 6 — (00 — n®)2. The cost function c(y1,yo) =
(y1 — yo0)? satisfies assumption 2 (i) when Y, the support of the outcome Y, is bounded.

Similarly, suppose the researcher is interested in the correlation between Y1 and Yy for compliers.
Set v = Corr(Y1,Yy | D1 > D), which can be rewritten as

_ _ Ep, ,[Y1Yo] — Ep, [Y1]ER, [Yo]
7= G Yo [ Du= Do) = e o P En ) — Br o))

This parameter also fits the form v = g(0,n) in display (7), with 0 = Ep, ([Y1Yo], n = (nM),n@ nd) nA)y =

9—n() x () .
(EPI [Y1]7 EPl [Y12]7 EPO [}/O:I’ EPO [Y()2]>7 and 9(97 77) = \/7](2>*(7](17)])2\?7777(4)7(7#3))2 : The COSt funCtZOn

c(y1,Y0) = y1yo satisfies assumption 2 (i) when Y is bounded.

Example 2.2 (Expected percent change). The expected percent change in the outcome can be
written as 100 X B Yl%oyo | D1 > DO] %. This is a unit-invariant causal parameter that is a natural

summary measure when Yy exhibits considerably variation. For example, a treatment effect of
Y1 — Yo = 5 is typically of greater economic significance when the untreated outcome is small, say
Yy = 10, than when Yy = 100.

The expected percent change is proportional to

Y1 Yy

v=5|

Y, - Y,
\D1>DO} :EPLO[ L 0},

Yo

which fits the form of display (7), with v =0 = Ep, , [Ylgoyo}. The cost function c(y1,y0) = yly—oyo

satisfies assumption 2 (i) when Y is bounded and bounded away from zero.

Example 2.3 (Equitable policies). Policy makers are often interested in whether a policy is eq-
uitable — that is, whether the benefits are concentrated among those who would have undesirable
outcomes without treatment.

One parameter that speaks to these concerns is the covariance between treatment effects and
untreated outcomes among compliers: v = Cov(Y1 — Yy, Yy | D1 > Dy). Notice that v < 0 implies
those with below average Yy tend to see above average treatment effects. This parameter can be



rewritten as
Y= COU(H - Y0, Yo | Dy > DO) = EPI,O[(Y]- - }/0)}/0] - (EPI [Yﬂ - EPO [%])EPO D/O]

and fits the form g(0,n) with 6 = Epw[(Yl —Y0)Yol, n = (Ep, [Y1], ER,[Y0]), and g(8,n) = 9—(7)(1) —
NN, The cost function c(y1,y0) = (y1 — yo)yo satisfies assumpion 2 (i) when Y is bounded.
Many related parameters share a sign with Cov(Y1 — Yo, Yy | D1 > Dy) and are also suitable for

such an analysis. One such example is the OLS slope when regressing Y1 — Yy on Yy and a constant:
_ CO’U(Yl—Y(),YU|D1>D0)

= VarVo D1isDg) This parameter can be rewritten as

_ Cou(Y1 =Yy, Yy | Dy > Do) Ep, ,[(Y1 — Y0)Yo] — (Ep, [Y1] — Ep,[Yo]) ER, [Y0]
T T Var(% [ D> Do) Ep, V7] — (Ep,[Yo))?

9— (V) —p(2))n®

where 6 = EP1,0[(Y1 - YE))YO]; n= (EP1 [Yl]? EPO [YE)], EPO [YE)ZD; and 9(97 77) = 3 —(n?))2

Example 2.4 (Proportion that benefit). The share of compliers benefiting from treatment, written
’YZP(Y1>}/E)’D1>D0),

18 naturally of interest in applications where theory gives little indication whether the treatment
will have a positive or negative effect. For example, Allcott et al. (2020) study the effect of deac-
tivating facebook on subjective well-being. The authors find significant positive average effects of
deactivation, but find substantial heterogeneity in follow-up interviews.

This parameter fits the form of display (7), with v = 6 = Ep, ,[1{Y1 — Yo < 0}]. The cost
function c(y1,y0) = 1H{y1 — yo < 0} satisfies assumption 2 (ii) if the cdfs Fy,(y) are continuous.

The share benefiting from treatment is also of particular interest when the intervention comes
at a financial cost and the outcome of interest is a pecuniary return. Common examples include
job training programs intended to increase a worker’s income (e.g. the National Supported Work
Demonstration studied in Couch (1992)) or management practices intended to raise a firm’s ac-
counting profit (e.g. the employee referral program studied in Friebel et al. (2023)). To illustrate,
suppose the researcher observes {R;, C;, D;, Z;}'_ |, where R is observed revenue and C' is the ob-
served cost. These are related to treatment status D € {0,1}, potential revenues (Ry, Ry), and
potential costs (C1,Cy) by

R = DRy + (1 — D)Ry, C=DCi+ (1-D)Cy
The observed profit, Y = R — C, is related to treatment status by

Y =D (Ry - C1)+(1 - D) (Ro — Cp)
=Y, =Y
=Y =TX0

The probability the change in revenue exceeds the change in cost is

P(Rl—Ro>Cl—Co’D1>D0):P(Y1>Y0|D1>Do)



Example 2.5 (Quantiles). Suppose the parameter of interest is any q, solving
PY1—Yo<q;[D1> Do) =7 (8)

This parameter has a similar interpretation to the T-th quantile.? ¢, cannot be viewed asy = g(0,n).
Howewver, by viewing 0(0) = P(Y1 — Yy < 0 | D1 > Do) = Ep, ([1{Y1 — Yo < 0}] as a function of 6,
the results below can be adapted to construct a confidence set for the identified set of this parameter
as described in section 8.2.

3 Optimal Transport

This section defines and discusses optimal transport, which is used to characterize the identified
set and construct estimators.

Given any marginal distributions P; and Py and a “cost function” ¢(y1, 30), the Monge-Kantorovich
formulation of optimal transport is the problem of choosing a coupling 7 € II( Py, Py) to minimize
Enfe(Y1, Yol

OT. (P, Py) = Weni(r}{ PO)EW[C(Yl,YO)]. 9)

This minimization problem in (9) is referred to as the primal problem, and will be used to
characterize the identified set of 6.
The dual problem of optimal transport will be used to construct and analyze estimators. Let

. denote the set of functions ¢(y;) and ¥ (yp) whose pointwise sum is less than ¢(y1, yo):

e = {(p,¥) 5 @(y1) +¥(vo) < c(y1,90)} - (10)

The dual problem chooses a pair of functions in . to maximize the sum of the corresponding

expectations:

sup  Ep [p(Y1)] + Ep, [¥(Y0)]. (11)
(pp)ede

When the cost function is lower semicontinuous and bounded from below, the primal problem is

attained and strong duality holds:

OT.(P, Py) = _min  Ex[e(Y1,Yo)] = sup Ep [p(Y1)] + Ep[(Yo)]. (12)
well(P1,Po) (p,h)ED,

2The 7-th quantile is usually defined as the unique value ¢, = inf{y ; P(Y1 — Yy < y) > 7}. When the 7 level
set of the cumulative distribution function P(Y: — Yy < ) is nonempty, the 7-th quantile has the interpretation
that 100 x 7% of the population has treatment effect less than or equal to ¢-. Every ¢, solving (8) has the same
interpretation.



The dual problem will be used to construct and analyze estimators. Indeed, the identification of
Py, in lemma 2.1 suggests straightforward sample analogues estimating Ep, [f(Yq)] for a given f,
which makes it possible to form a sample analogue of the dual problem.

Although it is clear how to form a sample analogue of the dual problem, it is not immediately
clear how to analyze the resulting estimator. Fortunately, the dual problem can often be simplified
by restricting the maximization problem to a smaller set of functions. Estimators based on this
restricted dual problem can then be studied with empirical process techniques.

The dual feasible set is restricted with the concept of c-concavity. Notice the dual problem’s

objective is monotonic, in the sense that ¢(y1) < @¢(y1) for all y; implies
Ep[p(Y1)] + Epy [ (Yo)] < Ep [p(Y1)] + Epy [ (Y0)].

Increasing v pointwise will also increase the dual objective. Speaking loosely, any function pair
(¢, 1) € . for which the constraint ¢(y1) +¥(yo) < c(y1,yo0) is “slack” cannot be a solution to the
dual problem and can therefore be ignored. This motivates the definition of the c-transforms of

a function ¢:

©“(yo) = i;llf{C(yl, Yo) — ¢(y1)}, ©“(y1) = i&f{C(yl, Yo0) — ¥“(yo) }-

For any pair of functions (p,1) € ®., these definitions imply ¥ (yo) < ¢“(vo), ©(y1) < ©“(11),
and ¢°““(y1) + ¢°(yo) < ¢(y1,90). Further c-transformations are irrelevant because (¢“)¢ = ¢°, so
a function ¢ is called c-concave if p° = . If the c-transforms are integrable, the dual problem
can be restricted to c-concave conjugate pairs, (¢, ¢°). Furthermore, c-concave functions often
“inherit” properties of the cost function c; for example, if ¢ is Lipschitz continuous then ¢¢ and ¢
are Lipschitz continuous as well. These properties can be used to define sets of functions F. and

F¢ (depending on the cost function ¢ but not on the distributions P;, Pp) such that

sup  Ep, [p(V1)] + Ep, [¢(Y0)] = sup Ep [p(V1)] + Ep,[1(Y0)]- (13)
(p,p)ED, (p, ) EPN(Fe X FE)

Two cases suffice for the parameters considered in this paper. When the cost function ¢(y1, yo)

10



is Lipschitz continuous and Y is compact, define

Fe={e: Y > R; —lclloo < 0W1) < llelloos l0w1) — i) < Liys — v} (14)

Fe={: Y > R; =2|clloo < ¥(yo) <0, [¥(yo) — ¥(yo)|l < Llyo — yol} (15)

where [[c[lco = sup(y, 4o)lc(y1,90)| and L is the Lipschitz constant of c. When ¢(y1,y0) = 1{(y1,%0) €

C'} for an open, convex set C, let

Fe={p: Y —=>R; p(y1) = 1{y1 € I} for some interval I} (16)

Fo={y: Y —=R; ¥(yo) = —1{yo € I°} for some interval I} (17)

Equation (13) shows the optimal transport functional OT.(P;, Py) depends only on the values
of Ep, [p(Y1)] and Ep,[¢(Y0)] for (p,v) € Fo x FE. For any set A, let £*°(A) denote the space
of real-valued bounded functions defined on A, equipped with the supremum norm: ¢(*°(A) =
{f:A—=R: [[flloc =supgecalf(a)] < oo}. Optimal transport can be viewed as the map OT, :
0 (Fe) x £°(FE) — R given by

OT.(P1, Ry) = sup Ep, [p(Y1)] + Ep, [ (Y0)]. (18)
(e, ) EPN(Fe X FE)

This problem will be referred to as the restricted dual problem. Estimators formed with this
map can be studied with empirical process techniques.

In summary, OT(Pi, Py) will be viewed as the functional in (9) when considering identification,
and as the functional given in (18) when considering estimation. By ensuring c is either Lipschitz
continuous or the indicator of an open convex set, strong duality and c-concavity ensures these

functionals agree on the space of probability distributions.

4 Identification

Recall the parameter of interest is v = g¢(6,7n), where 1 is a point identified parameter, § =
Ep, ,[c(Y1,Y0)] € R, and g and ¢ are known functions.

Begin by rewriting 6 = Ep, ,[c(Y1,Y0)] = Ele(Y1,Y0) | D1 > D] with the law of iterated

11



expectations:

6 = E[E[c(Y1,Y0) | D1 > Do, X] | Dy > Do) = E[fx | D1 > Do) = ) _ 540,
T

where s, = P(X =z | D1 > Dp) and 0, = E[c(Y1,Y0) | D1 > Do, X = 2] = Ep, ,,[c(Y1,Y0)].
As noted in section 2.1.1, the identified set for Py g|, is the set of couplings of Py, and Fy,, denoted
II(Py);, Py|;). Thus the identified set for 6, is O, = {t € R : t = Er[c(Y1,Yp)] for some 7 € II( Py, Pop) }-
(P, Po),) is convex, implying that Oy, is an interval. Let 0L and 6 denote its lower and upper
endpoint respectively.

To ensure the restricted dual problem can be used for estimation, % and 6 are characterized
through an optimal transport problem with a suitable cost function ¢. When assumption 2 (i) holds

(c(y1,yo0) is Lipschitz continuous and ) is compact), define

cr(y1,90) = c(y1,%0), cu (Y1, 90) = —c(y1,Yo)
GL(Pl\ma P0|:t) = OTCL (Pl\m PO\z)v HH(Pl\x7PO|m) = _OTCH(PH:J:: PO\x) (19)

Note that 0% = 6% (Py,, Py,) and 05 = 6 (Py,, Py,).

The cumulative distribution function of Y3 — Yj corresponds to the cost function c¢(y1,yo) =
1{y1—yo < ¢}, which is not lower semicontinuous. This challenge is circumvented by a small change
in the cost function. When assumption 2 (ii) holds (the cost function is ¢(y1,yo0) = 1{y1 —yo < 6})
define

cr(y1,90) = L{y1 — yo < 0}, cr = {y1 —yo > 0}
QL(P1|27 P0|r) = OTCL (Pl\a:) PO|95)7 aH(P1|za P0|z) =1- OTCH (Pl\:m P0|z) (20)

It follows from definitions that 07 = §7 (Pi|z, Pojz)-  Moreover, cr(y1,%0) < c(y1,v0) implies
QL(PM,P(M) is a valid lower bound for .. It is sharp if Pj,, Fy, have continuous cumula-
tive distribution functions, in which case 6% = (Pi|os Pojz)- Tt is worth emphasizing again that
the estimation and inference results of section 5 hold regardless of whether the cdfs are continuous
or not; when the cdfs are not continuous, the estimand is a valid outer identified set.

Under assumptions 1 and 2, the identified set for = Ep, ([c(Y1,Y0)] = Ec(Y1,Y0) | D1 > Do)
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is the compact interval [8%, 6] with endpoints

0" = E[0% | Dy > Do =) _ s.0%, 0" = E[0Y | D1 > Do) = 5,08

xT x

Under assumptions 1, 2, and 3, the identified set for -~ is ['yL, ~H ], with endpoints

vh =gk 0k, 0% n) = inf g(t,n), F=g" 0", 0" n) = sup g(t,m)  (21)
te[or,07] te[oL,0H]

The following theorem summarizes the discussion above. Let 67(-,-) and 07 (-,-) be given by (19)

or (20) depending on the cost function, and set

9;% = HL(PHI’ PO\z)a 95 = QH(PI\W PO\a:)v (22)
0" = s.0L, 0 =" 5,01, (23)
vH = g"(6",6" n), =g (0", 0" n) (24)

Theorem 4.1 (Identification of functions of moments). Suppose assumptions 1, 2, and 3 are
satisfied. Then the sharp identified set for ~y is [y*,+1].

All results are proven in the appendix.

It is worth pausing to consider the role of covariates. When covariates are available, ignoring
them leads to wider bounds that are not sharp. Specifically, the marginal distributions P; and
Py could be used to form a lower bound on 6 with 6%(Py, Py) = infepy(p, py) Ex[cn(Y1, Yp)]. This
bound minimizes over the whole set II(P;, Py) = {m1,0; m = Pi,m0 = Py}, but the identified set
for P  is the subset of II(P;, Py) given by {7r170 =D 0 S2T10jz 5 1,0z € H(Prjgs Po\:p)}- The bound
defined through equations (22) and (23) is found while enforcing the additional constraints that
710jc € IL(Py)g, Po|) for each x. These additional constraints imply 6% (Py, Py) < 0%, and similarly
o1 < 0" (P, Ry).

Extreme cases illustrate when covariates are informative. If X is independent of (Y7,Y)) con-
ditional on D1 > Dy, then Py, = Py for each x, II(Py,, Fy,) = II(P1, Py), and the inequalities
above hold as equalities. On the other hand, if Py, is degenerate for either d = 1 or d = 0, then
there is only one possible coupling of Py, and Fy,. Since II(P|,, Fy|,;) is a singleton, 0L = 0 and

0, = Elc(Y1,Y)) | D1 > Dy, X = z] is point identified. If this occurs for all x € X, 6 and v are
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point identified.

Remark 4.1 (Makarov bounds). The proof of theorem 4.1 given in the appendix uses properties of
optimal transport to argue that under assumptions 1 and 2 (ii), [#¥, #77] is the sharp identified set
for P(Y1 — Yy < 0| Dy > Dy). Nonetheless, it is interesting to note that the proof shows

9£ = OTCL (P1|ac7 PU|1‘) - Sup{F1|x(y) - F0|x(y - 6>}
Yy

95 =1- OTCH(Ple P0|x) =1- Sup{F0|x(y - 6) - F1|x(y)} =1+ Hylf{Fl\x(y) - F0|:1:(y - 5)}
y
which are the Makarov bounds on P(Y; —Yy < ¢ | Dy > Dy, X = z) studied in Fan & Park (2010).

Remark 4.2 (Pointwise vs. uniformly sharp CDF bounds). Under assumptions 1 and 2 (ii), [0, 7]
is the sharp identified set for P(Y7 — Yy < & | D1 > Dy) at the point §. Viewing these bounds
as functions of 6, 8(8) and 67 () are not uniformly sharp bounds for the cumulative distribution
function P(Y; —Yy < & | D1 > Dy), in the sense that not every CDF F(-) satisfying 6% (5) < F(§) <
61 (8) for all § could be the CDF of Y; — Y. See Firpo & Ridder (2019) for a detailed discussion
of this point.

5 Estimators

Sample analogues of the expressions identifying Py, Fy|;, and s, in lemma 2.1 provide convenient
plug-in estimators of v% and .

The following notation simplifies expressions for the sample analogues. Let P denote the dis-
tribution of an observation (Y,D,Z, X), and f be a real-valued function. Use P(f) to mean
Ep[f(Y,D,Z,X)]. Similarly, let Py,(f) = Epdlm[f(Yd” = E[f(Yy) | D1 > Dy, X = z]. Let
P, denote the empirical distribution formed from the sample {Y;, D;, Z;, X;}? , and P,(f) =

%Z?:l fYi, Dy, Z;, X;). The following indicator function notation also simplifies expressions:

ligo2.(D, X, 2)=1{D=d, X =2,Z =z},

Lo.(X,2) = X = 2,7 = 2}, 1,(X) = 1{X =z}

For example, P(D = d, X =z, Z = z) shortens to P(14,.), and %Z?:l {D;=1,X,=x,7; =0}
to Pn(]ll,x,O)-
The probabilities pg o . = P(lay,z), Pz, = P(1g2), and p, = P(1;) are estimated with empiri-

cal analogues:

ﬁd,x,z = ]P)n(]ld,x,z)a ﬁx,z = Pn(]lx,z>7 ﬁac = Pn(]l;r)
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In this notation, s, = P(X =z | D; > Dy) and its empirical analogue §, are

5. — (plvx:]-/px:l - pl,x,O/pm,O)pz s (ﬁl,x,l/ﬁx,l - ﬁl,x,ﬂ/ﬁx,ﬂ)ﬁx (25)
(P11 /Dot — D1 0/Dar 0P (P 1 /Pt — P10/ Par0)Par
The maps Py, and their empirical analogues are
_ P(Lagzax f)/Peg— Plazgi-a X f)/Pzi1-d
pd,z,d/pa:,d - pd,x,lfd/px,lfd
. P, (1 X hrd — Pr(1 _q X Dy 1—
Pdlx(f) _ n( d,x,d f)/pa:,d n( d,x,1—d f)/pa;,l d (26)

ﬁd,z,d/ﬁx,d - pd,x,l—d/ﬁm,l—d

Under assumption 3, n = (71,7m0) = (Ep,[11(Y1)], Er,[n0(Y0)]). Each vector 7y € R¥4 has coordi-
nates nék) =>. s:CPd‘x(n[(ik)). Empirical analogues /) = (7)1, 7o) are formed by ﬁ;k) =>, §$15d|x(77((ik)).

Computing pd|ac( f) for a known f is straightforward:

Panlf) = oo et Laaa(Di, Xi: Zi)f(}/i) - {azi_d% ZA?:I Lgz1-a(Di, Xi, Zi) f(Y3)
Pdw,d/Pe.d — Pdw1—d/Pzi—d
n
= de,x,i X fz
i=1

where f; = f(Y;) and the weights wy,; can be computed directly from data:

s = 1 " Vaoa(Di, Xis Zi) [ Paa — Lagi—a(Di, Xi, Z;) [Peg—d
o Pd,a,d/Pa,d — Pdaw1—d/Pr,1—d

(27)

Sample analogue estimators of 4 and v are based on equations (19), (20), (22), (23), and (24).
These expressions involve the optimal transport functional OT.(Py|,, Fy),). The sample analogue

of the simplified dual problem discussed in section 3 is written

OTC(P”:E? PO\:B) = sup P1|:Jc(§0) + PO|:E(¢) (28)
() ERN(Fe X FE)

Here F., F¢, and the functions 67(-), 67 (-) are defined according to the cost function:

(i) When assumption 2 (i) holds (the cost function ¢(y1,yo) is Lipschitz continuous and )Y is

compact), F. and F¢ are given by:

Fe={o: Y= R; —lclos < @(y1) < llellos, lo(y1) —@(y1)] < Ly — v}

Fe={v: Y= R; =2l < (o) <0, [¥(yo) — ¥(yo)| < Llyo — yol }
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and HL(PM, ]50|x), QH(PHQC, ]50‘90) are analogues of equation (19):

cr(y1,90) = c(y1,yo), cu(y1,y0) = —c(y1,Y0)
GL(P”LU? p0|z) = OTCL(pl\a:a p0|x)v GH(PHW P0|;r) = _OTCH (pllxa pO\ac)

(ii) When assumption 2 (ii) holds (the cost function is ¢(y1,yo) = 1{y1 —yo < d}), Fe and F¢ are

given by:

Fe={¢:Y —=R; ¢(y1) = 1{y1 € I} for some interval I}

Fi=A{Y: Y —>R; (yo) = —1{yo € I°} for some interval I}
and HL(PM, 150|I), GH(PHI, po\x) are analogues of equation (20):

cr(y1,50) = Wy —yo < 6}, cn = Wy —yo > 6}
HL(PH:(H P0|x) = OTCL(P”I? P0|:c)7 HH(PHJ:? POII) =1- OTCH(pl\HMPOM)

The sample analogue estimators are given by

é£ = GL(PHJH po‘x)u éf = 0H<p1‘x’ po‘x)’ <29)
oY st P = )
5L = gh(0",0" ), 31 = g™ (6", 6", 7) (31)

The optimization problems in 6% (]51|x,]50|x) and 0 (]51|x,150|x) are especially straightforward
when treatment is exogenous. Recall the claim of equation (13): the supremum of P, (¢) + Py, (%)
over the larger set ®. is the same value when restricted to ®. N (F. x F¢). The argument behind
this claim uses monotonicity of the maps F,. When treatment is exogenous, Pdu corresponds to a

probability distribution and is therefore also monotonic. Thus the claim holds replacing Py, with
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Pd|z, implying the function classes F. and F¢ can be ignored in computation:

OTc(Plhzv PO\ﬂc) = sup Pl\x(@) + p0|r(7vz)) = sup P1|x(90) + P0|z(¢))
() €PN(Fex FE) (p)ED,
n n
= sup Zwl,x,i(/?i + Zwo,z,jwj (32)
teititig =1 j=1

st @i+ <e(Y;,Y;) foralll <i,5 <n

the final problem in this display is a linear programming problem with 2n choice variables and
n? constraints, and can be further simplified by removing choice variables (and the corresponding
constraints) whose weights wg ; ; equal zero. Many weights do equal zero, as only observations with
X; = x correspond to nonzero weights.

When there is noncompliance in the sample, Pdm does not correspond to a probability distri-
bution. This is easily seen by noting that for observations ¢ where Z; differs from D;, the weight
Wd g, defined in (27) is negative. Nonetheless, it remains computationally tractable to search over
O, N (Fe x FE). For example, when the cost function is continuous OTC(P1|:E,]50‘$) remains a

linear programming problem, with additional linear constraints enforcing |p; + ;| < L|Y; — Y],

—llelloo < @i < lefloo, and =2|efjoc < 15 < O.

5.1 Asymptotic analysis

The estimators proposed above are especially attractive because they are a (Hadamard direc-
tionally) differentiable map of the empirical distribution. Specifically, there exists a collection of
functions F and a map T : /*°(F) — R? described by equations (25), (26), (29), (30), and (31)
such that

(3", 4" =T (Py), (v* 4" =T(P)

The set F consists of the functions in F., F¢, and the coordinate functions defining 7, multiplied
by various indicator functions. It is formally defined in appendix C. Under assumption 1, 2, and

3, F is a Donsker set and 7'(-) is continuous at P, which implies the esimators are consistent:

35,4 = T(Py) B T(P) = (v, 4M) (33)
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5.1.1 Weak convergence

The map T'() is not only continuous under assumptions 1, 2, and 3, but Hadamard directionally
differentiable. An application of the functional delta method gives the conclusion v/n((5%,57) —
(v%,7")) converges in distribution, a result stated formally in theorem 5.2 below.

In order to build hypothesis tests or construct confidence intervals based on the asymptotic
distribution of v/n((¥*,4") — (4%, ~4)), one must be able to estimate the asymptotic distribution.
This is possible under assumptions 1, 2, and 3, but involves a more complex procedure described
in section 5.2.2. Under an additional assumption, a straightforward bootstrap will do.

For each instance of the restricted dual problem used in defining 7°(-), the set of maximizers

\IJC(P1|aca P0|z) = arginax P1|z(90) + P0|ac(¢) (34)
(tp,w)Gi’cﬁ(]:chcC)

is nonempty. If the solutions are suitably unique for each instance, the map 7'(-) is fully Hadamard
differentiable at P and a straightforward bootstrap will consistently estimate the asymptotic dis-
tribution.

Assumption 4 states this high-level uniqueness condition, while the following lemma 5.1 gives
low-level sufficient conditions for it to hold. Let )y, be the support of Y conditional on D = d
and X =z, and 1y, (y) = 1{y € Yy} be the indicator function for this set.

Assumption 4. For each x € X, each ¢ € {cp,cu}, and any (p1,91), (p2,v%2) € Ve( Py, Pojz),
there exists s € R such that

Iy, , x 1 =1y, X (p2+s), P-as. and Ly,, X ¥1 =1y, X (Y2 —s), P-a.s.

Lemma 5.1. Suppose that
(i) assumption 2 (i) holds, with cost function c(y1,yo) that is continuously differentiable, and
(ii) for each (d,x), the support of Py, is Vau, which is a bounded interval.

Then assumption 4 holds.

When treatment is exogenous, condition (ii) of lemma 5.1 simplifies to the assumption that the
distribution of Yy | X = z has bounded support [yfl Y4 .)- In general, this condition requires the
support of Yy for the subpopulation of compliers with covariate value x is a bounded interval that

contains the support of the relevant subpopulation of non-compliers. Specifically, the support of Y7

18



for compliers is a bounded interval containing the support of Y7 for always-takers, and the support
of Yy for compliers is a bounded interval containing the support of Y; for never-takers.

Assumption 4 can hold even when the conditions of lemma 5.1 do not. For example, when
interest is in the cumulative distribution function and assumption 2 (ii) is satisfied, the dual problem
is essentially optimizing over the difference of CDF's (see remark 4.1). Although the cost functions
are not continuously differentiable, it is still plausible for this optimization problem to have a unique
solution in well-behaved cases. For further discussion of uniqueness of the dual solutions of optimal
transport, see Staudt et al. (2022).

The following theorem gives the main weak convergence result.

Theorem 5.2. Suppose assumptions 1, 2, and 3 hold, and let G be the weak limit of \/n(P, — P)
in £°(F). Then T is Hadamard directionally differentiable at P tangentially to the support of G,
and

Val(3", 41 = (Y5, 4™)) = Va(T(P,) — T(P)) 5 TH(G)

If assumption 4 also holds, then T} is linear on the support of G and Tp(G) is bivariate normal.

5.2 Inference

To make use of the weak convergence result of theorem 5.2 for inference, this section develops
methods of estimating the law of 75 (G) by utilizing the bootstrap. The “exchangeable bootstrap”
procedures discussed in van der Vaart & Wellner (1997) are computationally convenient for reasons

discussed below. These procedures define a new map P} € ¢°°(F) pointwise with

k 1 .
PL(f) = Zl Wif (Yi, Di, Zi, X) (35)

1=
for nonnegative random variables {W;}?_; independent of the data {Y;, D;, Z;, X;}?_,, and satisfying
technical conditions omitted here. I focus on two notable examples, the nonparametric bootstrap
of Efron (1979) and the “Bayesian” bootstrap of Rubin (1981). Either bootstrap can be used to
estimate the asymptotic distribution. The Bayesian bootstrap may be preferable in small samples

for reasons discussed below.

Definition 5.1 (Nonparametric bootstrap). Let (Wh,...,W,) ~ Multinomial(n,(1/n,...,1/n))
be independent of the data {Y;, D;, Z;, X;}I' {. Define P € (*°(F) pointwise with (35).
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Definition 5.2 (Bayesian bootstrap). Let {&;}!' be i.i.d. exponentially distributed random vari-
ables with mean 1, independent of the data {Y;, Dj, Z;j, X;}q. Set W; = &/(n"1Y " &), and
define P} € {>°(F) pointwise with (35).

The map P}, in (35) can be used to compute (7*,47*) = T(P%) in much the same way that

T'(Py,) is computed. Specifically, bootstrap analogues of pg ., Pz, and p, are given by
1< 1 < 1<
Piaz =~ Z; Wilaw:(Di, Xi. Zi), = Z; Wileo(Xi, Z0), By =~ 2; Wil (X5),
1= 1= 1=

and the bootstrap analogue of 3, is

o Plen/Pay = Piao/Pro)Ps
O X BT w1 Py — P a0/ P o) D

The maps Pd‘x have bootstrap analogues

Pr (L X f)/Dpa — Prn(Ldai-d > f)/Pr1-a
Pawd/Pra ~ Paan-d/Pri-a

n
= Z w:l,x,ifl'
i=1
where f; = f(Y;) and w} , , are bootstrap versions of the weights in (27):

Wi Lg04(Di, Xi, Zi) [Py 4 — Law1-a(Di, Xiy Z3) /D31 g

dai = g o — (36)
o n pd,z,d/p:p,d - pd,z,lfd/px,lfd
Finally, (%%*,4*) can be computed with
o => " 5:0L, 6t =" sz01, (38)
xX x
A= gh (07,07 ), A= g (0%, 07 ) (39)

5.2.1 Simple bootstrap with full differentiability

Under assumption 4, estimating the distribution of T5(G) is straightforward.

Theorem 5.3. Suppose assumptions 1, 2, 3, and 4 hold, and let P} be given by definition 5.1 or
5.2. Then conditional on {Y;, D;, Z;, X;}7 4,

Va(T(PL) = T(P,)) 5 Th(G)

20



in outer probability.

It is worth emphasizing the computationally convenience of the bootstrap P} given in (35) when

treatment is exogenous. The weights given in display (36) simplify to

W HD, =d,. X, =
W= Vi MDi=d Xi =) (40)
by n p$7d

As these weights are nonnegative and sum to one, Pj‘x is a probability distribution. Accordingly,

oL (F llm,P* ) and 07 (P | P*

Ol 0|m) can be computed ignoring the function classes F. and F¢ for the

1|z

same reasons discussed around display (32):

OT.(Pl By = sw Pl(e)+ P = sw Pi(e)+ B (w)
(p¥)ede m(fchT“) (pp)eDe
= sup Zwlxzwl—i_zw()x]w]
{So’bﬂzj]}’b J =1

st. i+ <e(Y,Yj) foralll <i,j <n

A researcher utilizing the nonparametric bootstrap runs the risk of a boostrap draw including
no observations with 1{D; = d, X; = z}. As p; ; = LSt Wil{D; = d,X; = z}, this would
result in the formula in (40) attempting to divide by zero. This problem cannot arise when using
the Bayesian bootstrap suggested in 5.2; in this procedure W; > 0 for each ¢, and thus ﬁ;’ 4=
LS Wil{D; =d, X; = 2} > 0 as long as pg, > 0.

5.2.2 Alternative for directional differentiability

The solutions to optimal transport may not be unique as assumption 4 requires. As emphasized
in the statement of theorem 5.2, assumption 4 is not needed to obtain the asymptotic distribution
of the estimators. However, without assumption 4 the procedure suggested by lemma 5.3 may not
consistently estimate that limiting distribution. When in doubt, researchers can make use of an
alternative procedure based on the results of Fang & Santos (2019) and described below.
Additional notation is needed to describe this alternative. Let ngfm) = Pd|x(n§k)), and let T7(+)

denote the “first stage” function computing Py, Pojzs 71,25 70,2, and s, for each z:

Tl(P) = <{P1|367P0|;m771,aca770,a:7sx}mex)
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Here {ag}rex = (azy, ..., az,,). Let {k,}5° be a sequence in R satisfying k,, T 0o and £, /y/n — 0.

Define the set of empirical approximate maximizers:

Ac,a: = {(%1/}) €PN (-Fc X Jtcc) ) OTc(Pl\xapmz) < P1|;t(90) + Pom("l/f) + \’j%}

and the maps
—/
OTc,x(Hla HO) - sup. Hl((to) + H0(¢)7
(pY)EVe,n

and

fé,Tl(P) ({Hl,m Ho oz, by s B hs,x}ré/\’)
— —/
== ({OTCL7x(H1,x> HO,.’E)> _OT0H7$(H1,$7 HO,:E); hm,ma hn(),ma hs,:p} €X>
T

The alternative procedure uses the conditional law of
DiDsT} g, (py (VR(TL () — Ta(P)))

given the data, where Dy and D5 are matrices given by

s, 0 0 0 6L

- . . ) . 0 4 0 0 o
D3 =1D34 Dspy .. Diayls D3, = A e
(2+dy) x M(3+dy) 0 0 Slxg, 0 7he

0 0 0 Sulk, foa]

(2+dy) x(3+dy)

Vgl (6%, 01 )T
VgH (6L, 61 )|
2% (2+dy)

4 =

Theorem 5.4. Suppose assumptions 1, 2, and 3 hold, let PP}, be given by definition 5.1 or 5.2, and
{kn 1521 C R satisfy ky, — 00 and K, /+/n — 0. Then conditional on {Y;, D;, Z;, X; 11",

DaDsTy 7, () (V(T1(BL) — Ta(Pn))) & Th(G)

in outer probability.
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5.2.3 Confidence sets

Theorems 5.3 and 5.4 make it straightforward to conduct inference. For example, a simple confi-

dence set for the identified set [y, ] is given by

(7% = e1—a/ VR, AT + 1m0 /V/n]

where ¢ _,, is a consistent estimator of the 1 — o quantile of max{Th(G)™), —T%(G)?}. When
assumptions 1 through 4 hold, let (¥%*,4*) = T(P}). When assumptions 1 through 3 hold but

assumption 4 is doubtful, let (57* 47*) = (4% A7) + ﬁf);;f)g@;pl(m(\/ﬁ(ﬂ (Pr) — T1(Py))). In

either case, compute

é1-o = inf {¢; P (max {vn(3"* —4"), —v/n(3"* = 4"} <c|{Yi, D;, Z;, Xi}}y) > 1 - a}

through simulation:
1. Compute (5%, 4) = T(P,) and, if necessary, Dy, and Ds.

2. Generate B boostrap samples, {W;}i; for each b = 1,..., B according to definition 5.1 or

5.2. For each bootstrap sample b, compute (%:*, ’Ay,f{*) as described above.
3. Let ¢1_4 be the 1 — a quantile of {max{\/n(3f* — 4%), —v/n(3* — 41)}E.,.

Under the further assumption that the cumulative distribution function of max{Th(G)™M, ~T%(G)}

is continuous and strictly increasing at its 1 — a quantile,

lim P ([y", "] C [4" = é1—a/Vn, A" + é1-a/Vn]) =1 -

n—oo

Confidence sets for the parameter could be constructed following Imbens & Manski (2004).

6 Simulations

This section explores the finite sample performance of the estimators, with a focus on coverage
rates of confidence sets for the identified set.

For simplicity, the data generating process is one of exogenous treatment with no covariates.
An observation consists of the vector (Y, D), where Y = DY; + (1 — D)Y,. Treatment status
D € {0,1} is independent of (Y7,Y)), and satisfies P(D = 1) = 0.5. Potential outcomes follow
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with a Kumaraswamy distribution with parameters a4 and by, having support [0, 1] and cumulative
distribution function

Fyly) =P(Yy<y)=1—(1—y)"

The parameter of interest is

y=0=P(Yi Yy <),

This parameter is chosen to facilitate computation of the true identified set. As noted in remark 4.1,
the optimal transport problems involved in characterizing the identified set have simple analytical

expressions. Specifically, the identified set for v is [y%, v], where
vt =sup {Fi(y) — Foly — )}, Y =1+ inf{Fi(y) - Foly - 9)}
y

These expressions and the closed form cdfs F; allow the true values of v% and v to be computed
precisely without simulation.

In each simulation, an ii.d. sample {Y;, D;}" , is drawn according to the data generating
process described above. The estimators are computed according to equations (20), (29), (30), and

(31):
~ L D D ~H _ D >
= OTcL(Ph Po), Y =1- OTCH (Pl, P())

where the cost functions are cr(y1,y0) = 1{y1 — yo < 0} and cg(y1,v0) = L{y1 — yo > ¢} and

optimal transport is computed as

oT, (PhPO sup Zwu%-i-zwoﬂ/h
{Qoszj}zg =1

st @i+ <e(Ys,Y)) foralll <i,j <n
3,000 bootstrap draws are used to compute the confidence set

CI = [3" = &1-a/Vm, A" + 10 /7]

with a = 0.05, following the procedures outlined in section 5.2.3.
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The population cumulative distribution functions of Y; and Y{, as well as their difference, are

displayed in Figure 1.

Figure 1: cdfs and dual objective
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As is clear from the right panel, there is a unique and well separated maximum and minimum of
Fi(y) — Fo(y — 6) that imply population bounds of 4 = 0.156 and v = 0.828. The uniqueness
of these optimizers indicate that T'(+) is fully differentiable, and thus the straightforward bootstrap
described by theorem 5.3 consistently estimates the asymptotic distribution.

It is well known that estimators optimizing over sample averages are biased in small samples
(Haile & Tamer, 2003; Kreider & Pepper, 2007; Chernozhukov et al., 2013). Specifically, the
expectation of a sup over a sample average is larger than the sup over its popoulation counterpart
due to convexity of the sup function. This suggests that in small samples 4 is biased upward,
and 4 biased downward, leading to estimated bounds that are tighter than their population
counterparts. Although theorems 5.2 and 5.3 guarantee correct coverage asymptotically, this finite
sample bias can lead to undercoverage in small samples.

Table 1 reports the empirical bias and standard deviation of the estimator, as well as the

empirical coverage of the confidence set, from 300 simulations.
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Table 1: Simulations, P(Y; — Yy <)

Bias St. Dev. Emp. Coverage
n 4L 4H 4L 4H oI
100 || 0.047 -0.051 0.065 0.066 0.900
200 || 0.031 -0.031 0.049 0.049 0.917
300 || 0.030 -0.021 0.040 0.040 0.893

The bias is notable in magnitude relative to the standard deviation in these small sample sizes.
Empicial coverage is slightly below the nominal value.
The bootstrap bias-correction found in Efron & Tibshirani (1994) is simple to implement in

L] L

the current setting. The finite-sample bias of the lower and upper bounds is given by E[y"] — v

— L —H
and E[] — 4! respectively. These are estimated by bias = B~! Zle Af* — 4L and bias =

B! 2521 ,%q * — 4" The bootstrap bias-corrected estimate of the bounds are given by

— L ——H

AL AL - ~H ~H -
Ypc =7~ —bias Yo =7 — bias

The bootstrap bias correction is often found to reduce finite-sample bias in simulations and to offer
a higher order refinement in various settings (Horowitz, 2001; Hahn et al., 2002). In the context of
smooth functions of sample moments, Horowitz (2001) notes that the asymptotic distribution of the
corrected estimator is the same as that of the uncorrected estimator when B increases sufficiently

quickly with n. The boostrap bias-corrected confidence set for the identified set is given by

Clpc = ['AYJ_%C - é1—@/\/77% 'AYLJ—L}’IC + é1—04/\/ﬂ
Table 2 reports the results from the same 300 simulations using this bias correction.

Table 2: Simulations, P(Y; — Yy < ), w/Bias Correction

0 Bias St. Dev. Emp. Coverage
YBo  Abc Yho  ABe Clpc

100 || 0.021 -0.026 0.071 0.071 0.927

200 || 0.013 -0.015 0.052 0.051 0.953

300 || 0.015 -0.007 0.042 0.042 0.957

Empirical bias is approximately halved, and coverage is close to the nominal 95%. Efron & Tib-
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shirani (1994) warns that the bootstrap bias correction may increase the variance of the estimator,

but in this case the standard deviation increased only marginally.

7 Application: National Supported Work Demonstration

In this section I demonstrate the estimators in revisiting the famous National Supported Work
Demonstration program (LaLonde (1986)). This program was implemented in the 1970s with the
aim of helping socially and economically disadvantaged workers obtain job skills. Those randomly
selected into the program were guaranteed a job lasting six to eighteen months, and frequently met
with a counselor to discuss performance. There is no reported noncompliance, so I interpret the
setting as one of exogenous treatment.

I make use of the “LaLonde” sample studied in Diamond & Sekhon (2013). This sample consists
of male participants and includes 297 treated and 425 control observations. The outcome of interest
is real earnings in 1978. Observed covariates include age, years of education, real earnings in months
13 to 24 prior to randomization, and indicators for whether a participant is a high school dropout,
black, hispanic, or married. Averages and standard deviations of these covariates by treatment

status are reported in table 3:

Table 3: Balance table

H base inc. age  yrs. educ. HS dropout black hispanic married
3672.49  24.45 10.19 0.81 0.80 0.11 0.16
control
(6521.53) (6.59) (1.62) (0.39) (0.40)  (0.32) (0.36)
3571.00  24.63 10.38 0.73 0.80 0.09 0.17
treated
(5773.13) (6.69) (1.82) (0.44) (0.40)  (0.29) (0.37)

Note: Standard deviations in parentheses.

In this sample, the average treatment effect on 1978 real earnings is $886. It is natural to ask
whether the policy was more beneficial for those who would have low incomes in 1978 without
treatment. One parameter addressing this is the OLS slope coefficient of regressing treatment
effects on a constant and Yj:

_ Cov(Y: — Yy, Yy)  Ep,,[(Y1 —Yo)Yo] — (Ep,[Y1] — ER,[Yo]) Ep, Yo
N Var(Yp) B Ep, [Y§] — (Ep,[Yo])? ‘

As described in example 2.3, the sign of this parameter describes who receives larger benefits from
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treatment. Specifically, v < 0 implies those with below average untreated outcomes tend to see
above average treatment effects.

Discretized versions of baseline income and age are found to be informative covariates. Baseline
income is binned as [0, 0], (0,4000], or (4000, c0) while age is binned as (16, 23], or (23,00). X is
the cartesian product of bins.

The point estimates for the bounds are (¥%,4) = (—1.725,-0.003).> The negative upper
bound point estimates suggests that the treatment was especially beneficial for participants who
would otherwise have incomes below average (for the eligible population). The bias-corrected point
estimates based on 3,000 bootstrap draws are (y5.,95,) = (—1.731,0.041), and the bias-corrected
95% confidence set for the identified set is [—1.956,0.266]. These suggest that v may still be zero
or slightly positive once accounting for sample uncertainty.

I also estimate the parameter conditional on each of the covariate values, that is,

~ Cov(Y1 — Yo, Y | X =)
e Var(Yy | X = x)

Bias corrected point estimates and confidence intervals for each -, are reported in Table 4.

Table 4: Estimates conditional on covariate values

age base inc. H ’yéc ’ygc Clpco n

0 -1.97 0.28 [-2.26, 0.56] 140

(16, 23] (0, 4000] -1.74 -0.15 [-1.9, 0.01] 141
(4000, o0) -1.45 -0.44 [-1.63, -0.27] 90

0 -2.13  0.81 [-2.65, 1.33] 187

(23, 55] (0, 4000] -1.39  -0.16 [-1.93, 0.38] 56
(4000, o0) -1.66  0.03 [-2.08, 0.45] 108

It is worth noting the upper bound on the confidence set is negative for young men with baseline
income above $4, 000, and essentially zero for young men with positive income below $4,000. For
these subpopulations, those who would have had below average incomes in 1978 tended to see above

average benefits from treatment.

3Covariates are found to be informative, especially for the upper bound. Ignoring covariates, the lower bound
point estimate is —1.783 and the upper bound point estimate is 0.190.
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8 Extensions

This section briefly describes a few simple extensions.

8.1 Conditioning on X € A

In many applications parameters conditional on a covariate taking a particular value are of interest.
For example, the share of compliers of a particular demographic benefiting from treatment is

P(Y1 > Yy | D1 > Dy, demographic). Such parameters can be written in the form

va = 9g(0a,n4)
where for a known set A C X,
04 = E[e(Y1,Yy) | D1 > Dy, X € A], na = Em(Y1),n0(Yo) | D1 > Do, X € A]
The identified set for 74 is straightforward to characterize and estimate. First note that

1
04 = E[fx | D1 > Dy, X € A] = aZsaﬁx
€A

where s4 = ) _ 4 52. The proof of theorem 4.1 shows that the sharp identified set for (0z,,...,0z,,)

is in fact [0F , 087 x ... x [0L 68 1. It follows that the sharp identified set for 64 is [0%, 0% ], where

0% = L > sabl, o = L D a0l

S
€A A T€EA

and the sharp identified set for v4 is [v%, 7] where

L : H
= min t,na), = max t,nA
YA tE[Bﬁ,Bf]g( n ) YA tE[Gﬁ,Gﬁ}g( n ))

Let 54, éﬁ, and éf be as defined in section 5. Let 54 = > _ 4 8, and

. 1 R R 1 .
6% = - § 5,07, 01 (A) = fE :gwf
SA SA
TEA €A
Y%= min_g(t,9a), A = max g(t, ),
te[oL 6H) te(05.04]
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Under assumptions 1, 2, and 3, /n((35,44) — (v%,v4) will converge weakly. With assumption 4

the straightforward bootstrap will consistently estimate its asymptotic distribution.

8.2 Quantiles

Example 2.5 considers the parameter ¢, solving
P(Y1 =Yy <q; | D1 >Dg) =71

As noted in that example, the sharp identification results for P(Y; — Yy < ¢ | Dy > Dy) can be
adapted to characterize the sharp identified set for ¢,. First view the bounds on the cumulative

distribution function as functions of 4:

crs(y1,90) = H{y1 —yo <6}, crs(y1,90) = H{yr — yo > 6},
HaLz(a) = OTCL,g (P1|a:7 P0|a:)7 95(5) =1- OTCH,(S (P1|a:7 P0|z>
0% (6) = 5,07 (5) 07 (6) = 5,01 (5)

Let Q1 denote the sharp identified set for g;.

Lemma 8.1 (Identification of ¢.). Suppose assumptions 1 and 2 (ii) hold. Then q € Q- if and
only if 0%(q) <7 < 6" (q).
Lemma 8.1 implies that inverting a test of Hy : 8%(q) < 7 < 6" (q) against the alternative

Hy : 7 < 0% (q) or 07(q) < 7 will lead to valid confidence sets for ¢,.

Remark 8.1. Consider instead defining ¢, to be the closed subset of R given by
¢r = [inf{y; P(Y1 =Yy <y) = 7}, inf{y; P(Y1 - Yo <y) > 7}]

Note that this ¢, is the singleton inf{y ; P(Y7 — Yy < y) > 7}, unless P(Y; — Yy < -) is flat
when equal to 7, in which case it equals the 7-level set {y ; P(Y1 — Yy < y) = 7}. (Compare
Ehm et al. (2016), who define the 7-th quantile equivalently as ¢, = [sup{y ; P(Y1 — Yy < y) <
Thsup{y ; P(Y1 — Yy < y) < 7}].) Let Q1 denote the identified set of ¢, as defined in this
remark. Lemma A.2 in appendix A shows that under assumptions 1 and 2 (ii), ¢ € Q- if and only
if 0%(q) <7 < 0%(q).
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8.3 Multiple treatment arms with exogenous treatment

The results above are easily extended to a setting with multiple treatment arms and exogenous
treatment. Let d € {0,1,..., J}, index the mutually exclusive treatment arms, with d = 0 indicating
control. Let Yy be the potential outcome with treatment d, and Dy equal one if the unit has

treatment d and zero otherwise. The observed outcome is
J
Y =) DgYy
d=0

Let D = (Dy, Dy,...,Dy) and assume (Yp,Y7,...,Y;) L D | X. The marginal distributions of

Yy | X = x, denoted Py, are identified with the relation

Elf(Y)Dq | X = a]
P(Dg=1|X =)

Ep, [f(Ya)] = E[f(Ya) | X =] =

Let 74 = g(04,n4) where 03 = Elc(Yy,Yo)]. Consider estimating the sharp identified set for
(v1,...7s). For example, an RCT with two treatment arms may have similar average treatment
effects. The treatment arms may be further distinguished by comparing P(Y; — Yy > 0) with
P(Ya — Yy > 0), or Cov(Y: — Yo, Yy) with Cov(Ya — Yo, Yo).

Let 0q, = E[c(Y1,Yy) | X = z]. The sharp identified set for (0 ,...,0;) is given by

[0F ., 015 x ... x (05,07

1,2

where 95,93 = oL (Pgjas Pojr) and ng =gt (Pyjz» Pojz) as in section 4.* The sharp identified set for 6,

is [0, 0H] where 0L = 3" sxGCﬁx and 04 =" sxﬂgx, and the sharp identified set for (y1,...vy) is

] % cox [y A

Sample analogues (¥¥,44, ... ,@5 ,’Ayf ) can be formed just as in section 5. Under natural adjust-

ments to assumptions 2, 3, and 4, the same arguments work to show
~L ~H ~L ~H L H L H
\/ﬁ((’}/la’)/la"'anyfVJ)*(’YI”Yla"'v’YJa’YJ))

is asymptotically Gaussian and the bootstrap consistently estimates its asymptotic distribution.

“This follows from existing results and the gluing lemma, found in Villani (2009) (pp. 11-12).
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A Appendix: identification
Following Kitagawa (2015), let T' denote the “type” of a unit:
a, always-taker, if (Dy, Dp) = (1,1)

¢, complier, if (D1, Dy) = (1,0)

n, never-taker,  if (D, Dg) = (0,0)

df, defier, if (D1, Do) = (0,1)
Note that the primitives (Y7, Yy, D1, Do, Z, X) are equivalent to (Y1,Yy, T, Z, X).

Lemma A.1 (Identification of moments). Suppose assumptions 1 and 2 hold. Then the sharp
identified set for 0 is [07, 6H].

Proof. Let T be as defined in (41), and note that the primitives of the model (Y1, Yy, D1, Dy, Z, X)
are equivalent to (Y1, Y0, T, Z, X). Moreover, the event D > Dy is the event T = ¢; thus Py, is
the distribution of Yy | T = ¢, X = x.

In steps:

1. The identified set for (P g, -, P10jz,), the conditional distributions of (Y1,Yy) | T =
¢, X =z for each x € X = {z1,..., 20}, is I( Py, Pojey) X -« X I(Pyigyss Pojans)-

That (P ojzys -« Projes) € (Pijays Pojey) X -+ - X H(Prjzyy s Pojey,) 18 immediate. To see that
any element of TI(Py|,,, Pojz,) X .. X H(Pyjz,,, Poje,,) is possible given the assumptions and
distribution of the observables (Y, D, Z, X), fix a distribution of the observables generated by
a distribution of the primitives consistent with the assumptions. Note that the distribution of
observables is summarized by P(D = d,Z = z, X = z) for each (d, z,z) and the conditional
distributions

Y| D=dZ=2X=x

Use this observation and the claims of lemma A.4 to see that any two distributions of the
primitives (Y1,Yy, T, Z, X) (consistent with the assumptions), sharing the same distribution
of (T, Z,X), and the same marginal, conditional distributions for

Vi|T=a,X=x Yo|T=nX==x
Yi|T=c¢X=nuz, Yo|T=¢,X=x
will produce this distribution of observables. Thus, replacing (P gz, - -, P1,0jz,,) from the

distribution of primitives with any
(7['3;17 oo ,7'('3;]\{) S H(P1|x17P0|331) X ... X H(Pl|z]\47 Polx]\/j)

will generate the same observed distribution of (Y, D, Z, X), without violating assumption 1
or 2. The claim follows.
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2. The identified set for (6, ...,0:,,) € RM is [0L 0H] x ... x [9L 0H 1.

x1° a1 TMI XM
Recall that 6, = Elc(Y1,Y)) | X = 2], and let Oy, denote its identified set. Note that the
previous step implies

Ors = {t €R; t = Er,[c(Y1,Y))] for some m, € (P, P0|x)}

(P, Po|.) is convex. Notice that for any A € (0,1) and al md ¢ ( Py, Pojz)s Exaia—xmole(Yr, Yo)] =

T r

AEq1[e(Y1,Y0)] + (1 — A)Ero[c(Y1, Yo)]. Together these imply O, is convex.

It suffices to show that for any x, O, = [0, 02] There are two cases:

T

(i) If assumption 2 (i) holds, then for each z,
0L = OT.(Py,, Py,) = inf E. [e(V1,Y
- (Pijz, Pojz) wzeH(%umz) L 1e(Y1, Y0)]
0; = —OT o(Pyjs, Popp) = sup B [e(Y, Y0)]
WZGH(PHz’PO\Z)

Since ¢ is continuous, lemma E.1 implies the optimal transport problems are attained,
say by 72 and mI respectively. It follows that 6%, 02 € ©;,, and it is clear from their

T’

definitions that they bound ©; .. Since O, is convex, it follows that O, = [0L, 6]

(ii) If Assumption 2 (ii) holds, then

cr(y1,%0) = H{y1 —yo < 0}, ca(y1,y0) = H{y1 —yo > 0},
0L = OT., (Pyjs, Poja), 0 =1 - OT,,, (P, Poja)

Let w2, i € II(Py;, Py),) be such that 0% = E,[1{Y; — Yy < 6}] = P, (Y1 — ¥y < 0)

)T
and 01 =1 — En[l{Y1 =Yy > 6}] = Pu(Y1 — Yo < 0). Notice that 0 € Or,.
Furthermore, 1{y; — yo < 0} < 1{y1 — yo < ¢} implies

oL = inf E. [1{Y] - Yy <8} < inf E [1{Y] - Yy <¢
erH(Pl\zvahf) [ { }] ﬂ—er(Pl\QmPO\x) [ { }]

and thus 6?9% is a lower bound for ©;,. Since O, is convex, it suffices to show that
9£’ €06 Iz

Corollary E.15 implies that % = P (Y1—Yp < 0) = sup, {F12(y) — Fo(y — 8) }. More-

over, Villani (2009) theorem 5.10 part (iii) implies the dual problem sup,, {Fl‘x(y) — Foje(y — 5)}
is attained as well, say by y*. Thus

/ 1{y1—yo < S}dr(y1,90) = / 1{y1 < y*}dPyu (1)~ / L{yo < y*—6}dPys (o) (42)
Next, notice that

Hyr <y"} - Hyo <y" =6} < 1{y1 —yo < 6} (43)

which holds for all (y1, o), must hold with equality wZ-almost surely. Indeed, let N be

the set where the inequality in (43) is strict and suppose N is mZ-non-negligible. Since
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7T£’ € H(P1|307P0|m)7

[ 1 <y haP ) - [ 1<y - 8)aPti) = [ 1 <07} - Lo <o - S)drtnw)
= /N {y1 < y*}— 1{yo < y* — d}dml (y1, v0) + /N Hy <y} — L{yo < y* — S}dnl(y1,w0)

< [ v = < Barknm) + [ 1m0 < 8)drkn,0)

= / 1{y1 — yo < d}drL(y1,%0)

contradicts (42). This implies that 7% concentrates on

{iy0) s v <y w0 >y =6y —yo <P U{(y1,%0) s y1 >y 00 >y  — 0,41 —yo > 0}
both sides of (43) equal 1 both sides of (43) equal 0
U{(w1,50) 5 v1 <y 90 <y —0,y1 —yo > 6}
both sides of (43) equal 0

Notice the only point in the set {(y1,%0) ; y1 — ¥o = 0} where 7% could put positive
mass is the point (y1,%0) = (y*,y* — J). But since Py|, has a continuous CDF,

0 <y ({(y",y" =)} < mr({y*} x W) = Pi({y*}) = 0
Thus Pr(Y1 =Yy =0) =0,and so P (Y1 —Yy <6) = P (Y1 —-Yp <6) = 0% (x). Thus
0L € O, and hence O, = [0L(z), 07 (z)).

Therefore the identified set for 6, is [0%, §1]. Tt follows from this and step one above that the

rrx

identified set (0, ...,04,,) is [0L ,0H] x ... x [0L 01 .

T17 7Tl TMITTM

3. Recall that 0 = E[c(Y1,Yy)] = E[E[c(Y1,Y0) | X]] = >, 520, Since s, = P(X =2 | T =¢)
is point identified for each z, it follows from step two above that the identified set for 6 is
[0F, 6] where

0" = s.6L, 0 =" .01
xX X
This concludes the proof. ]

Theorem 4.1 (Identification of functions of moments). Suppose assumptions 1, 2, and 3 are
satisfied. Then the sharp identified set for ~y is [y",v1].

Proof. Lemma A.1 shows that under assumptions 1 and 2, the sharp identified set for @ is [6%, 6].
Let I'; be the identified set for -, and note that
Iy ={yeR; vy=g(tn) for some t € [#¥, 6]}

Assumption 2 implies ¢ is bounded; under assumption 2 (i) the continuous ¢ : Y x )Y — R
takes a maximum and minimum on the compact set ) x ), while under assumption 2 (ii) the cost
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function only takes values 0 or 1. It follows that 6~ and 7 are finite and thus [§7, #77] is compact.

Assumption 3 (ii) is that g(-,7) is continuous, and thus the extreme value theorem implies
b= inf,ejpr gm g(t,m) and = supyepor g1 9(t,m) are both elements of I'r. The intermediate
value theorem then implies I'; = [y, 7). O

Lemma 8.1 (Identification of ¢;). Suppose assumptions 1 and 2 (ii) hold. Then q € Q1+ if and
only if 0% (q) <7 < 6" (q).

Proof. By definition, ¢ € I'; - if and only if there exists a distribution of the primitives, 7, consistent
with the observed distribution, such that P, (Y; — Yy < q) = 7. Lemma A.1 shows that 6%(¢) < 7 <
6H (q) if and only if there exists a distribution of the primitives, 7, such that 6%(q) < 7 < 8%(q).
This concludees the proof. ]

Lemma A.2 (Identification: 7-th quantile). Let g, be defined as
¢r = [inf{y; P(Y1 =Yy <y) > 7}, inf{y; P(Y1 = Yo <y) > 7}]

Suppose assumption 1 and 2 (i1) hold, and let Q1 denote the identified set of q, defined above.
Then q € Qr.» if and only if 0% (q) < 7 < 01 (q).

Proof. Suppose 67(q) < 7 < 0" (q). Lemma A.1 implies there exists a distribution 7 of the primi-
tives consistent with assumption 2 (ii) such that P, (Y1—Yy < ¢) = 7. Thusq € [inf{y ; Pr(Y1—-Yp <
y) > 7}, inf{y ; Pr(Y1 — Yy <y) > 7}] and hence ¢ € Q; -.

Before showing the other direction, we next show that assumption 2 (ii) implies #%(d) is con-
tinuous. Specifically, apply corollary E.15 to find 0%(5) = sup, { F1|z(y) — Fojz(y — 6)}. So for any
5,0,

0% () — 0%(") = Sl;p{Fl\a:(y) — Fyp(y — 6)} — sgp{Fm(y) — Fou(y — &)}
< Sl;p {F0|x(y - 5/) - FO\x(y - 5)}

< sup ‘Fo\x(y - 5,) - F0|:c(y - 5)‘
Yy

and thus |05(6) — 6% (0")| < sup, |Fou(y — 0') — Fyj.(y — 6)|. Recall that any continuous CDF is in
fact uniformly continuous, and so Fp, is in fact uniformly continuous. Let € > 0, choose n > 0
such that for any y,3’ € R with |y — /| <n, one has |Fy,(y) — Fojo(y')| < £/2, and notice that

0 —0'| <n = sup |Fy(y — &) — Foe(y — 0)| <e/2<e
Y

This shows £(8) is continuous, and so 0%(5) = >°_ s,0% is continuous.
Return to showing the other direction, through the contrapositive. Suppose it is not the case
that 6%(¢q) <7 < 0% (q). There are two possibilities:

1. Suppose 67 (q) < 7. Then there is no distribution 7 of the primitives such that P, (Y; — Yy <
q) > 7, hence there is no distribution where ¢ € [inf{y ; P(Y1 — Yy <y) > 7},inf{y ; P(Y1 —
Yy <y) > 7}] and thus ¢ € Q1.+
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2. Suppose 7 < 6%(q). If one further supposes that ¢ € Q;., then 6(-) would have a jump
discontinuity at g, contradicting the continuity shown above.

Specifically, if 7 < 6%(¢) and ¢ € Q 1,7, then there exists a distribution 7 of the primitives such
that Pr(Y1—Yy <¢q) >7and q € [inf{y; Pr(Y1-Yy <y) >7},inf{y; Pr(Y1-Yo <vy) > 1},
implying that P (Y; — Yy < -) jumps at ¢ from below 7 to above 6% (q):

lim Pr(Y1 — Yy < q—€) <7 <0"(q) < Px(Y1 - Yy < ¢q)

e—0

This jump discontinuity at ¢ is at least of size e = #%(q) — 7 > 0. But then §”(-) would have
a jump discontinuity of at least size ¢ at g as well, a contradiction of the continuity of #%(:)
shown above.

Thus if 7 < 0%(g), then ¢ € Q7 .

In either case, ¢ € Q1. This completes the proof. O

A.1 Additional identification lemmas

The lemmas below contain results well known in the literature. They are included here with proofs

for completeness.

Lemma A.3. Let P be any distribution and Py be degenerate at g € R. Then the only possible
coupling of Py and Py is characterized by the cumulative distribution function

P(Y; < ; > 7
P(Y1 <y1,Ys <o) = (Y1 < y1) ffyo_z{o
0 if Yo < Yo

Proof. First suppose yo < go. Then 0 < P(Y1 < y1,Y) < yp) < P(Yo < 1p) = 0.
Next suppose yo > go. Then 1 > P({Y1 <wy1} U{Yo <wo}) > P(Yy < yo) = 1 implies that

P(Y1 <y1,Yo <wyo) =PY1 <wy1) + P(Yo <o) — P{Y1 < w1} U{Yo < yo})

=1

=
=P <)

which completes the proof. O

Lemma A.4 below summarizes the empirical content of the model described in assumption 1.
In particular, it implies that any two distributions of the primitives consistent with assumption 1

that share the same marginal distribution of (7, Z, X) and marginal, conditional distributions of

Vi|T=a,X==x Yo|T=nX=xz

Vi|T=c¢X=nzx, Yo|T=¢,X=x

40



will produce the same distribution of observables.

Lemma A.4. Suppose assumpion 1 holds. Then

PD=1|Z=0,X=2)=PT=a|X =1x)
PD=0|Z=1,X=2)=PT=n|X=1x)
PD=1|Z=1,X=2)=P(T €{a,c} | X =2x)
PD=0]Z2=0,X=2)=P(T e€{ce,n}| X =2x)

and for any integrable function f,

EfY)|D=1,Z=1,X=z|=E[f(Y1) | T € {a,c}, X = 1]
E[f(Y)[D=0,Z=0,X =z]=E[f(Yo) | T € {¢,n}, X = 7]

Furthermore,

fP(D=1|Z=0,X=2)>0, then B[f(Y)|D=1,Z=0,X =] = E[f(Y;) | T = a, X = 1]
ifP(D=0|Z=1,X=x)>0, then E[f(Y)|D=0,Z=1,X =z]=E[f(Yo) | T =n,X = x]

Proof. Assumption 1 (ii) implies 1{D; = 0, Dy = 1} = 0. The definition of 7" in (41) then implies

1{Dg =1} = 1{Dy = 1, Dy = 1} + I{Dy =6:P5= 1} = 1{T = a}
1{Dy = 0} = 1{Dy = 0, Dy = 0} + I{ D1 =6:P5 = 1} = 1{T = n}

H{Dl = 1} = H{Dl =1,Dg = 1} + H{Dl =1,Dg = 0} = H{T S {CL,C}}
1{Dy = 0} = 1{D;y = 1, Dy = 0} + 1{Dy = 0, Dy = 0} = 1{T € {e,n}}

These observations, equation (2), and assumption 1 (i) imply

P(D =z)=PDy=1|X=2)=PT =0a|X =ux),
P(D =2)=PD1=0|X=2)=P(T=n|X=ux),
P(D —1]Z:1,X—x) PDi=1|X=2)=P(T e{a,c} | X =z), and
P(D =2)=PDy=0|X=2)=P(T e{c,n}| X =1
Note the first two equalities can be summarized as P(D =d | Z = 2,X =2) = P(D, =d | X = x).

Next, let f : R — R be integrable. Assumption 1 (i) and equations (1) and (2) imply that for
any (d,Z,CL’),

P(D=d|Z=2X=x2)E[f(Y)|D=d,Z =2 X = 1]
=PD,=d| X =x)E[f(Ya) | D, =d, X = z]

and since P(D=d | Z =2,X =x2) = P(D, =d | X = z), this implies

0=P(D=d|Z=2X=2)(Bf(Y)| D=dZ ==X =a] - E[f(Ya) | D. = d,X =1]) (44)
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Assumption 1 (iii) implies

PD=1|Z=1,X=2)=P(T €{a,c} | X =1x) (T=c|X=2)>0

> P
PD=0|Z=0,X=2)=PT e€{c,n} | X=2)>PT=c|X=12)>0
Use strict positivity of P(D=1|Z=1,X =x) and P(D =0| Z =0,X = z) to see that

Elf(Y)|D=1,Z=1,X =a] = E[f(}) | Dy = 1, X = 1] = B[f("}) | T € {a,c}, X = ]
E[f(Y)|D=0,Z=0,X =] = E[f(Y) | Do = 0,X = a] = E[f(Y0) | T € {e,n}, X = 1]

Similarly, (44) implies

ifP(D=1|Z=0,X=x)>0, then E[f(Y) | D=1,Z=0,X =2] = E[f(Y1) | T = a, X = 1
ifP(D=0]|Z=1,X=x)>0, then E[f(Y) | D=0,Z=1,X =] =E[f(Yo) | T = n, X = a]

this concludes the proof. O
Lemma 2.1 (Abadie (2003)). Suppose assumption 1 holds. Then the marginal distributions of Yy
conditional on Dy > Dy and X = z, denoted Py, are identified by

Ep, [f(Ya)] = E[f(Ya) | D1 > Do, X = x]
CE[fYV)I{D=d}|Z=d, X =2]—-E[fY)I{D=d} | Z=1-d,X = 1]
N PD=d|Z=d,X=2)-PD=d|Z=1-d,X =x)

(4)

for any integrable function f. Furthermore, the distribution of X conditional on D1 > Dq is
identified by

sz = P(X =x | D1 > Dy)
[P(D=1|Z=1,X=2)-P(D=1|Z=0,X =2)] P(X = 2)

:Zz,[P(Dzl]Zzl,X:x’)—P(Dzl\ZzO,X:x’)]P(X:x’) (5)

Proof. First notice that using 7' as defined in (41),

ElfYo){T = c} | X =

Elf(Ya) | D1 > Do, X =] = E[f(Ya) [T =¢, X =a] = P(T=c|X =)

(45)

Now notice that
Dy —Dy=(1—Dy)—(1—=D;)=1{Dg=d} —1{Dy_4q = d}
for either d € {1,0}. Monotonicity (assumption 1 (ii)) implies that this is an indicator for 7' = ¢:

Dy — Do=1{Dy=1,Dy =0} = 1{T = ¢}
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So,

Ef(V)I{D=d} | Z=d X =a]— E[fV)1{D=d} | Z=1—d, X = 1]
= E[f(Ya)1{Dg =d} | X = 2] — E[f(Ya)I{D1-q = d} | X = 7]
[f(Ya)(I{Dg =d} = 1{D1_g=d}) | X = 7]

= E[f(
=E[f(Yo){T = c} | X = 1] (46)
Lemma A.4 shows that

PD=1|Z=1,X=2)-P(D=1|2Z=0,X =z)
=P(Te{a,c} | X=2)—PT=a|X=2)=PT=c|X =1

and similarly,

PD=0|Z=0,X=2)-P(D=0]|Z=1,X =x)
=PTe{en} | X=2)—PT=n|X=2)=PT=c|X=x)

Thus for either d € {1,0},
PD=d|Z=dX=2)-P(D=d|Z=1-d,X=2)=PT=c|X=2). (47
It follows from (45), (46), and (47) that

Ep, [f(Ya)] = E[f(Ya) | D1 > Do, X =z
 EfWMI{D=d} | X=2,Z=d - E[fY)I{D=d} | X =2,Z=1—d]
B PD=d|X=2,Z=d —PD=d|X=2,Z=1-4d) ’

and from (47) that

se=P(X=2|Dy>Dg)=P(X =a|T=c)= Z],Dg;:c‘f;j);(;;i)x,)

_ [PD=1|X=2,Z=1)-PD=1|X=2,Z=0)]P(X =)
Y PD=1|X=2,Z=1)-PD=1|X=2,Z=0)]P(X =2a)

This concludes the proof. O
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B Appendix: properties of optimal transport

Suppose that strong duality holds:

inf / c(y1,yo)dm(y1,y0) = sup / e(y1)dPi(yr) + / ¥(yo)dPo(yo) (48)

m€Il(P1,Po) (0, h)EPN(Fex FE)

for sets of universally bounded functions F, C L'(P;) and F$ C L'(P,). See lemmas E.9 and
E.13 for examples.” Then for suitable sets F; and Fy with F. C F; and F¢ C Fo, the map

OT.(Py, Po) = infrcricp, ) J e(y1,y0)dm(y1,yo) can be viewed as

OT, : {°(F1) x £°(Fy) = R, OT.(P1, Py) = sup Pi(p) + Py(v) (49)
((p,'gb)é@cﬂ(]:c X-Fcc)

where Py(f) = [ f(ya)dPi(ya) = Ep,[f(Ya)].
The functional in (49) is defined over the familiar Banach space ¢>°(F;) x £>°(Fp). This makes
it straightforward to show that optimal transport, as a functional from this space to R, has certain

desirable properties.

B.1 Continuity

Lemma B.1 (Optimal transport is uniformly continuous). Suppose that for some universally
bounded F, C LY(P) and F¢ C LY(Py), (48) holds. Then the optimal transport functional, given
by (49), is uniformly continuous.

Proof. Define
S 7°(F1) x £7°(Fo) = £7°(F1 X Fo), S(Hy, Ho)(p,v) = Hi(p) + Ho(¥)

Ee U (F1L x Fo) = R, ]G] = sup G(p, 1)
(e, ) EPN(Fe X FE)

5 F. and F¢ are typically found with the following steps:

(i) Start with a known strong duality result; for some ®.s C @,

/ e, yo)dr(yr,yo) =  sup / e(y)dPy (1) + / (o) dPo(yo)

inf
m€Il(Py,Po) (P, ¥)EDes
(ii) Compute Fe(®es) and Fg(Pes) defined by (84).
(iii) Notice that Fe(®es) C Fe and F¢(Pes) C F¢ for known and easy to study sets Fe, Fe

Lemma E.7 and remark E.2 are useful to ensure F. and F¢ are universally bounded.
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and notice that OT.(Hy, Hy) = Z.(S(Hy, Hp)). Since s : R? — R given by s(h1,hs) = hy + ho is
uniformly continuous, we have that S is uniformly continuous (see lemma F.1). Lemma F.3 shows
that =, is uniformly continuous. The composition of uniformly continuous functions is uniformly
continuous, implying OT, is uniformly continuous. This completes the proof. O

B.2 Directional Differentiability

The optimal transport functional given by (49) is Hadamard directionally differentiable. The

formal result, stated below, requires that F. and F¢ each be equipped with a semimetric. The

semimetrics chosen must be such that P, € (*°(F.) and Py € ¢>°(FS) are continuous and the

product space F, x F¢ and its subset . N (F. x FS) are compact.

C
The setting suggests a very convenient semimetric. Let P be the distribution of an observation,

ie. (Y,D,Z,X) ~ P. Note that under assumption 1, the distributions Py, are dominated by P

with bounded densities dzﬂz. Specifically, recall that

Ep, [f(Ya)] = E[f(Ya) | D1 > Do, X = z]
_EfMI{D=d}|Z=d, X =x|-E[fY)I{D=d} | Z=1—-d,X =]
B PD=d|Z=dX=2)—-PD=d|Z=1-d,X =ux)

Let 14,.(D,X,2) = I{D =d, X =2,Z = 2}, pig. = P(D =d, X = 2,7 = z), and p,, =
P(X =z,Z = z). Observe that

1 D X, Z -1 4D, X, Z _
Blf(Y)) | Dy > Do, X = 2] = E {f(Y) dazd(D, X, 2)[p2.a — Lagi—a(D, X, Z)/pz d:|
pd,x,d/px,d - pd,:al—d/pa:,l—d

Da Xa Z)/pa:,d - ]]-d,w,l—d(D7 Xa Z)/paz,l—d | Y:|:|
Pd,z,d/Pe,d — Pdz1—d/ Pz, 1—d

_ gy [ Rl
e

. dP, Liw.a(D,X,2)/Pa.a—Law1—a(D,X,2) /P
reveals the densities to be —3-(Y) = E d.o.d )/Pod—Las1-d )/Po1-d |Y].
d pd,z,d/pz,dfpd,z,lfd/pz,lfd

We now drop the subscript x for the remainder of this appendix. Because P dominates both

SRecall the definition, found in Fang & Santos (2019): let D, E be Banach spaces (complete, normed, vector
spaces), and ¢ : Dy, C DD — E. ¢ is Hadamard directionally differentiable at z¢ € D, tangentially to Dy C D if
there exists a continuous map ¢, : Dy — E such that

lim

n—o0

=0
E

- (b;o (h)

tn

for all sequences {hn}nz1 € D and {tn}nz; € Ry such that h, — h € Dy and ¢, | 0 as n — oo, and zo + tnh, € Dy

for all n.
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Py and Py with bounded densities, the Ly p semimetric works very well:

Lo p(f1, f2) = VP((J1 = [2)2) = VEP[(1(Y) — 2(Y))?] (50)

Equip the product space F; x Fy with the product semimetric:

Lo((f1.91): (f2: 92)) = \/L2,P(f1, f2)? + La.p(91, 92)* (51)
To apply the Lo p semimetric, each f € 1 and f € Fy are defined on whole domain ).

Lemma B.2 (Hadamard directional differentiability of optimal transport). Let ¢: Y x Y — R be
lower semicontinuous, F1,Fo be sets of measurable functions mapping Y to R, and F. C F; and
F$ C Fo be universally bounded subsets. Suppose that

1. Strong duality holds:

inf /C(yhyo)dﬂ(yl,yo) = sup /@(yl)dpl(yl)+/1/1(yo)dpo(yo)7

mell(P1,P) () €PN (Fe X FE)

2. P dominates Py and Py with bounded densities,
3. Fa is P-Donsker and supscz,|P(f)| < oo for each d =1,0, and
4. (F1 x Fo, La) and the subset
DN (Fe x Fo) ={(p,¥) € Fe X F¢ 5 0(y1) + ¥ (yo) < c(y1,90)}
are complete.
Then OT, : £2°(F1) x £2°(Fo) — R defined by

OT (P, Py) = sup Pi(p) + Po(v)
(o) €D N(Fe X FE)

is Hadamard directionally differentiable at (Py, Py) tangentially to
DTan = C(]:l, Lg}p) X C(]:(), Lg,p). (52)

The set of mazimizers Uc(P1, Py) = argmax, yyea.n(F.xre) F1(p) + Fo(i) is nonempty, and the

derivative OTC’7(P17PO) : Drgn — R is given by

OT;. (p, py)(H1, Ho) = sup Hy(p) + Ho(x)
()€Y (P1,Py)

Proof. For legibility, the proof is broken down into four steps:
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1. Define

S 7 (F1) x £7(Fo) = £(F1 x Fo), S(Hy, Ho)(sp, ¥) = Hi(p) + Ho(¥)
Ee 1 7(F1 x Fo) > R, E[Gl = sup Gl )
() EPN(Fe X FE)
and notice that OT.(H1, Ho) = Z.(S(H1, Hp)). This suggests application of the chain rule.

2. S is linear and continuous at every point of ¢>°(F;) x £>°(Fy), which implies it is (fully)
Hadamard differentiable at any (Hy, Hp) € ¢°°(F1) x £>°(Fp) tangentially to £°°(Fy) x £>°(Fp),
and is its own derivative. Indeed, for any (Hiy, Hon) — (Hi, Ho) € €°°(F1) x £°°(Fp) and any
tn 10,

lim — S(H1, Ho)
n—oo

HS((HLHO) + tn(Hipn, Hon)) — S(H1, Hop)
tn FoxFe
= lm |S(Hin, Hop) — S(H1, Ho)|| £, e =0

3. Consider Z.. Verify the conditions of lemma F.9:

(a) (F1 x Fo, La) and the subset &, N (F, x FS) are compact.

First recall that a subset of semimetric space is compact if and only if it is totally
bounded and complete.” Completeness of both sets is assumed, so it suffices to show
they are totally bounded. Since ®.N (F. x F¢) is a subset of F; x Fy, it suffices to show
the latter set is totally bounded.

Using the assumption that Fy4 is P-Donsker and sup;cr,|P(f)| < oo, we have that
sup,er, |P(¢)| < oo and (Fy, L2 p) is totally bounded (see van der Vaart & Well-
ner (1997) problem 2.1.2.). It follows that the product space (F; x Fy, L2) is totally

bounded.?
(b) S(P1, Po) € C(F1 x Fo, La).
Notice that

|P1(f1) — Pi(fo)l < Pi(|f1 — <VPI((fi = f2)?) = Lop (f1, f2)

where the second inequality is an applications of Jensen’s inequality. This implies P; €
C(Fi1, Lo p,). Moreover, since Py < P and dP1 < Ky < oo for some K; € R,

1/2 1/2
La.p (f1, fo) = (/(fl = f2 )262P1dp> < K </(f1 —f2)2dP> = K"’ Ly p(f1. f2)

shows that C(Fi, Lo p,) € C(Fi,Lop) and so P € C(Fi,Lap). A similar argument
shows Py € C(Fo, La.p).

"See van der Vaart & Wellner (1997), footnote on p. 17.

8For € > 0, let (f1,..., fx) be the centers of Ly p-balls of radius €/+/2 that cover Fi, and (gi,...,ga) be the
center of Ly p-balls of radius s/\/§ that cover Fo. Then for any (f,g) € F1 X Fo, there exists fr and gm such that
Lo p(f, fr) < e/v2 and L2 p(g, gm) < £/v/2, and so

La((f,9), (fi, gm) = V/L2,p(f, fi)? + L2,p(g,9m)? < \/(é‘/\/i)2 +(e/V2)? =

and thus the KM balls in (F1 x Fo) of radius ¢ centered at (fx, gm) for some k, m cover Fi x Fo.
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Use the inequalities above to see that

ISP, Po)(f1, 91) — S(P1, Po)(f2, 92)| = [Pr(f1) — Pa(f2) + Po(g1) — Po(gz)]
< Lo p, (f1, f2) + La2,py(91,92) < K11/2L2,P(f17 f2) + Ky Lo p(¢1,12)
< 2max{K;’? K/*} max{Ly p(f1, f2), Lo.p(g1, 92)}
= 2max{K11/2, Ké/Q}\/maX{LZ,P(fh f2)?, La,p(g1, 92)%}
< 2max{K,"%, Ké/Q}\/LQ,p(fu f2)? + La,p(91, 92)*
= 2max{ K", Ko "} Lo((f1, 1), (fo: 92))

hence Lo((f1,91), (f2, 92)) < /(2max{F;/?, K}/?}) implies

’S(PMPO)(flagl) - 8(P1,P0>(f2,92)‘ <eg
and therefore S(P1, Py) € C(F1 x Fo, L2).

Lemma F.9 shows that =, is Hadamard directionally differentiable at S(P;, Py) tangentially
to C(F1 x Fo, La), with derivative

ELs(p.py) - C(F1 X Fo, L) — R, B s(p.py) (H) = . w)es\;llfgp . H(p,v)
) c 1,40

where W (P, Py) = argmax, y)cao,n(F.xFe) L1(0) + Po(¢) is nonempty, because Py + Py =
S(Py, Py) is continuous and ®. N (F. x FE) is compact.

c

4. Now consider the tangent spaces to ensure the composition of the derivatives is well de-
fined. Observe that if (Hy, Hy) € C(F1,La.p) x C(Fo, Lo p) then S(Hyi, Hy) = H1 + Hy €
C(F1 x Fo, L2).? It follows from the chain rule (lemma F.4) that OT, is Hadamard direc-
tionally differentiable at (Pi, Py) tangentially to C(Fi, La p) x C(Fo, Lo p) with derivative
OTC : C(f"l, ngp) X C(./rg, LQ,P) — R given by

OTc,,(Pl,PO)(Hh Hy) = E;,S(Pl,PO)(SEPl,PO)(Hla Hy)) = sup Hi(p) + Ho ()
(p,0)€¥c(P1,Po)

B.3 Full differentiability

The property distinguishing directional from full differentiability on a subspace is linearity of the

derivative (Fang & Santos (2019), proposition 2.1). In the case of optimal transport, the derivative

°Fix (f,g) € F1 x Fo and let §; > 0 and & > 0 be such that Lo p, (f, f) < & implies Hi(f, f) < &/2 and
L2 p,(g,g) < do implies Ho(g, §) < £/2. The inequality

LQ,P(fv .];) + LQ,P(gv g) <2 maX{LQ,P(fv f)v L27P(gv g)}
— 2y/max{La,p(f, )7, Lo.r(9,5)2} = 2La((f, ), (. )

implies that if Lo ((f,g), (f,§)) < min{d1,82}/2 then |S(Hy, Ho)(f, 9) —S(Hy, Ho)(f,§)| < |H1(f)— Hi(f)|+|Ho(g)—
Ho(g)| < e.
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found in lemma B.2 is linear on a large subspace of the tangent space when the solution to the
dual problem is suitably unique. When it holds, this is sufficient for simpler bootstrap procedures
to work for inference.

The dual solutions

(p,0) € Vo (P, Py) = argmax  Pi(p) 4+ Py(v)
(‘va)e‘bcm(chfcc)

are referred to as Kantorovich potentials. Notice that for any s € R,

Pi(p+ )+ Po(v — s) = Pi(p) + Po()

shows the most one can hope for is uniqueness up to a constant; if (p,v) € V. (P, Py), then
(p+ 8,9 —s) € U.(Pyr, Py) as well.!9 Tt is well known in the optimal transport literature that when
the distributions P;, Py have full support on a convex, compact subset of R and c is differentiable,

the Kantorovich potential is indeed unique in this way on the supports of P; and Fj.

Lemma B.3. Suppose that
1. ¢(y1,y0) is continuously differentiable.
2. P; has compact support Y, = [yfl,yg] CR, and

Let F. and F¢ be defined by (14) and (15) respectively, and

V. (P, Py) = argmax  Pi(p) + Py(v)
(W,w)€¢cﬂ(fc><]:cc)

Then for any (¢1,%1), (p2,%2) € Ve(P1, Py), there ezists s € R such that for all (y1,y0) € V1 X o

e1(y1) — p2(y1) = s, ¥1(yo) — Y2(yo) = —s

Proof. The proof is quite similar to that of Santambrogio (2015) proposition 7.18.

Let (p1,v1), (p2,12) € Vo (Py, Py). For k = 1,2, ¢ and ¢y (being elements of F. and F¢
respectively) are L-Lipschitz and hence absolutely continuous. This implies all four functions are
differentiable Lebesgue-almost everywhere, and that for any (y1,y0) € Y1 x o,

Y1 Yo
or(y1) = ‘Pk(y{)+/£ o (y)dy V(o) = i (yh) + ) Uy (y)dy
Y1 Yo

Notice that the subset of ), where both ¢1 and 5 are differentiable also has full Lebesgue measure.
It suffices to show that ¢} (y1) = ¢5(y1) on this set (and ¥ (yo) = ¥4 (yo) on the subset of Yy where

10See Staudt et al. (2022) for extended discussion on uniqueness of Kantorovich potentials.
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both 1 and v, are differentiable, which also has full Lebesgue measure), from which it will follow
that for any (y1,v0) € V1 X o,

p1() — (1) = e1(6) — al0h) + | " (W) — ) dy = 1(5) — w28
ya N —— —

P1(yo) — ¥2(yo) = ¥1(y") — v2(y’) + /yo (V1 (y) — ¥a(y))dy = ¥1(y5) — a2 (ys)
v5 —

Finally, observe that Pi(p2) + Po(p2) = Pi(p1) + Po(11) = Pi(w2 +54) + Po(v2 + sy) = Pi(p2) +
Po(2) + sy + sy implies s, = —sy.

The remainder of the proof shows that for any g; in the set where both ¢; and y are differen-
tiable, ¢! (1) = ¥5(71). The same arguments work to show the corresponding claim regarding v,
and 9.

There exists m € II( Py, Py) that solves the primal problem (see lemma E.1). For any such m,

1. Supp(P1) = {y1 € Y1 ; Fyo € Vo s.t. (y1,v0) € Supp(m)}

This follows because Pry(Supp(n)) = {y1 € V1 ; Jyo € Vo s.t. (y1,%0) € Supp(m)} is dense in
Supp(P), and Pry(Supp(r)) is closed because )y is compact.'!

2. For all (y1,y0) € Supp(7), ¢r(y1) + Yr(vo) = c(y1, yo)-

It is easy to see that the equality holds m-almost surely. To see it holds specifically on the
support, notice that optimality of m and (¢, ¥x) implies that

/ (1, yo)d(y1,50) = / or(n)dP(y1) + / (o) AP (y0)

and recall that ¢r(y1) + ¥r(yo) < c(y1,y0) holds for all (y1,y0) € Y x V. If the inequality
were strict for some (y;,y,) € Supp(w), then continuity of ¢k, ¥, and ¢ would imply the
inequality is sharp on a ball centered at (y;,yp) of some positive radius, denoted B, leading

"Specifically, for any A C Y1 x Yo C R?, let Pri(A) = {y1 € V1 ; Iyo € Vo s.t. (y1,40) € A} be the cartesian
projection of the set A onto the first coordinate. Let P € P(Q1), Po € P(Jo), and 7 € II(P1, Py). As noted in Staudt
et al. (2022) (Remark 1), Pr;(Supp(7)) C Supp(P1) with the possibility that inclusion is strict.

However, Pri(Supp()) is always dense in Supp(P1): let y1 € Supp(P1) and § > 0 be arbitrary, and suppose for
contradiction that Bs(y1) N Pri(Supp(r)) = @. Then (Bs(y1) X Yo) N Supp(r) = & follows from the definition of
Pri(Supp(n)), and thus

0= ((Bs(y1) x Yo) N Supp(m)) =7 ((Bs(y1) x o)) + 7 (Supp(w)) — 7 ((Bs(y1) x Yo) U Supp(r))
=7 ((Bs(y1) x o)) = P1r(Bs(y1)) > 0

a contradiction showing Bs(y1) N Pri(Supp(w)) # @. Thus Pr;(Supp(n)) is dense in Supp(Py).

Moreover, if Vo is compact then the map Pry is closed: suppose A C Y1 x Yo C R? is closed, and {y1,}521 C Pr1(A)
converges to y1. Then there exists {yon}or1 C Vo such that (yin,yon) € A for each n. Since ) is compact, there
exists a subsequence {yon, }7—; and yo such that limy_, o Yon, = yo. Then notice that limg_,o0 (Y1n,, Yon,) = (Y1, Y0)-
Since A is closed, (y1,y0) € A.

Supp(7) is closed by definition, hence Pri(Supp(w)) is closed and dense in Supp(P:), from which it follows that
Supp(m) = Supp(F1).
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to the contradiction

[ et mdintun) = [ ctommointonm)+ [ cmmdrtnm)
> [ entn) + vt ) + [ oun) + vl )

= /@k(yl)-ﬂﬁk(yo)dﬂ(yl,yo) :/Sﬁk(yl)dpl(yl)+/¢k(yo)dpo(yo)
3. For any §1 € Supp(P1), the above implies there there exists o € ) such that (g1,%0) €
Supp(7), and hence @k(y1) + ¥k (o) = c(¥1,%o). For any such go,

y1 = @r(y1) — c(y1, Jo) is maximized at g (53)

Indeed, if there were v} € Y such that ¢r(v]) — (v}, ¥o) > @r(¥1) — c(¥1, o), then by adding
¥i(go) to both sides we find

er(y1) + Ve(Bo) — c(y1,%0) > @e(B1) + Yi(Fo) — (1, %0) =0

This implies ¢k (y]) + ¥x(Yo) > c(¥}, o), which contradicts i (v]) + ¥Yr(Jo) < c(y], 7o) for all
(Y1, 90) € V1 x No.

4. Now observe that if 71 € (yf,y}) is a point at which ¢}, is differentiable, then (53) implies
(1) = aa—;l(gjl,gjo).m Thus if 71 € (3¢, y}) is a point at which both o1 and ¢y are differen-
tiable, then

de , _
901(3/1) = Tyl(yl,yo) = 902(y1)

This completes the proof. ]

To specify the subset of the tangent space on which OT! (PLPo) is linear, let ); C Y and
1y,(y) = 1{y € Y4}. Let G denote a set of real-valued functions g : } — R with the following
property: if g € G, then 1y, x g € G.13 Let 5(G) be the set of bounded, linear functions

H : G — R that evaluate constant functions to zero and “ignore” the value of functions outside of

Y. Specifically, define

3,(9) = {H € 0=(G); foralla,beRand f,g €,
(1) H(f) = H(1y, x f), (ii) if a € G then H(a) =0, and

(i31) if af + bg € G then H(af + bg) = aH(f) + bH(g)} (54)

Here we slightly abuse notation; a € G refers to the function mapping each point in Y to the

2Notice that the “choice” of 7 or o doesn’t matter, because ¢} (1) can take only one value.

131f we have a set G that does not satisfy this property, the set G = G U {led Xg; g€ é} will satisfy it.
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constant a € R. Equip {55 (G) with the supremum norm, [|Hllg = [Hl[cc = supgeg|H(g)|- As
shown in appendix C, first stage estimators of (P, Py) based on the empirical distribution have

weak limits concentrated on (35 (F¢) x €57 (F¢) where Vg is the support of P.
Lemma B.4. (57 (G) defined by (54) is closed.

Proof. Let {Hy,};2, C (5 (G) be Cauchy, and let H be its limit in the Banach space (>°(G). It
suffices to show H € (57 (G).

Toward this end, first notice that ||H, — H||g — 0 implies that for any f € G, |H,(f) —
H(f)| = 0. Next observe that if the constant function a € G, then 0 = lim,,_,|Hy,(a) — H(a)| =
lim;, o0 |H(a)| = |H(a)|. For any function f € G, since H,(f) = Hp(1y, x f),

0<|H(f) = H(ly, x /)l < [H(f) = Hao(f)| + [H(Dy, x f) = Ho(1y, x f)] =0

and thus H(1y, x f) = H(f). Finally, suppose a,b € R and f,g € G are such that af +bg € G.
Similar to the argument above, since Hy(af + bg) = aHy(f) + bH,(g),

0<|H(af +bg)—aH(f)—bH(g)|
< |H(af +bg) — Hp(af +bg)| + laH(f) + bHy(f) — aH(f) — bHy(9g)|
< |H(af +bg) — Hp(af + bg)| + |a|[Hn(f) — H(f)| + |bl|Hn(g) — Hu(g)| — 0

and thus H(af + bg) = aH(f) + bH(g).
This shows H € eg;ji(g), and completes the proof. O

Lemma B.5 (Full differentiability of optimal transport). Let ¢ : ¥ x Y — R be lower semicon-
tinuous, F1,Fo be sets of measurable functions mapping Y to R, and F. C F1 and FS C Fy be
universally bounded subsets. Suppose that

1. Strong duality holds:

inf /C(yl,yo)dﬂ(yl,yo) = sup /w(yl)dPl(m) +/w(yo)dPo(yo),

mell(P1,Po) (P ERN(Fex FE)

2. P dominates Py and Py with bounded densities,
3. Fq is P-Donsker and supscr,|P(f)| < oo for each d = 1,0, and
4. (F1 x Fo, La) and the subset
D N (Fe x Fe) = {(p, ) € Fe x F¢ 5 0(y1) +9¥(yo) < c(y1,90)}
are complete.

Let Y1, Y0 C Y and U (P, Py) = argmaxy, yyea.n(F.xFe) P1(¢) + Po(¢), and further assume
4. For any (p1,91), (p2,12) € Vo(P1, Py), there exists s € R such that

1y, x 1 =1y, X (p2+s), P-a.s. and Ty, x 1 = Ly, X (Y2 —s), P-a.s.
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Then OT : £°°(Fy1) x £°(Fo) — R defined by

OT.(P1, Py) = sup Pi(p) + Ro(v)
(4P7w)€q>cm(fc><]:cc)

is fully Hadamard differentiable at (Py, Py) tangentially to
Dran,rut = (635 (Fe) x 65(F)) 1 (C(F1, Lop) x C(Fo, Lop) ) (55)
with derivative OTé’(PhPO) : Drgn,rur — R given by

OTC[,(PLPO)(Hl’ Hy) = Sup Hi(p) + Ho ()
(@7w)€l11c(P1:P0)

Proof. The first four assumptions allow application of lemma B.2 to find that OT, : £>°(Fy) x
0> (Fy) — R given by

OT(Py, Py) = sup Pi(p) + Po(v)
(PAb)EReN(Fex FE)

is Hadamard directionally differentiable at (P1, Py) tangentially to Dy, = C(F1, L2 p) xC(Fo, Lo, p).
The set of maximizers W (P, o) = argmax(,, y)ea.n(F. xre) P1(¢) + Po(¢) is nonempty, and the
derivative OT (P.py) * Dran — R is given by

OT; (p, py)(H1, Ho) = sup Hi(p) + Ho(v)
()€Y (Pr1,Po)

Next observe that for any (Hi, Hy) € Drgn, pui, Hi + Ho is flat on W.(Pr, Py). Specifically, for
any (p1,%1), (p2,%2) € Ye(P1, Py), let s be such that

1y, x p1 =1y, X (2 +s), P-as. and 1y, x 1 = 1y, X (2 — s), P-a.s.
Then

Hi(p1) + Ho(1) = Hi(1y, x ¢1) + Ho(Ly, X 1)

(
Hi(Ly, x (p2+8)) + Ho(ly, x (12 — s))
Hi(p2 + s) + Ho(¢2 — s)
Hy(
(

1(p2) + Hi(s) + Ho(v2) — Ho(s)
= Hi(p2) + Ho(v2)

where the first, third, fourth, and fifth equalities hold because (Hy, Ho) € {55 (F¢) x {55 (F¢), and
the second because (Hi, Hy) € C(F1, La,p) x C(Fo, La.p).
Now use this “fatness” to observe the derivative is linear. Let (Hi, Hy), (G1,Go) € Dran, puil,
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a,b € R, and (@,1/;) € U.(Py, Py), and notice that

OT. p, py)(a(H1, Ho) + b(G1,Go)) = sup  (aHi +bG1)(p) + (aHo + bGo) ()
()€Y (P1,Py)

= aH1(p) +bG1(P) + aHo(¥) + bGo(¢) = a(H1($) + Ho(¢)) + b(G1() + Go(¥)

=aXx sup {H1(¢) + Ho(¢)} + b x sup {G1(p) + Go(¥)}
(‘P:d))eq’(PlvPO) (¢7¢)G‘D(P17PO)

= aOT} p, p(H1, Ho) + bOT,, p, p)(G1,Go)

Since OTC’ (P1.Ry) is linear on the subspace D7y pun, Fang & Santos (2019) proposition 2.1

implies OT, is fully Hadamard differentiable at (P, Py) tangentially to Drgp, pui-
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C Appendix: weak convergence

Recall that

0 = 0" (Pija; Poja), 0, = 0" (Pyjy. Foja)
0 = s.0%, 0 = " s.00
L . H
— inf t, = su t,
te[eL,eH]g( 77) 7 te[eL,I;H]g( 77)

where 1 = (11, 70), with 7y € R ¢ having coordinates
k k k
0y =3 P(X =2 | Dy > Do)ER (Ya) | Dy > Do, X =a] = sunll)
xX €T

Here 775(112 = Pd|x(nék)), which are collected as 17g, = (77((12, . 7U¢(1]§d))~

5

Define the following sets of functions:

flz{f:y—ﬂl%; f = ¢ for some ¢ € F, orf:ngk) forsomekzl,...,Kl} (56)

k)

]Eoz{f:y—HR; f =1 for some ¢ € F¢, orf:n(() forsomek:zl,...,Ko}

]-'d,x:{f:y%R; f:gor]lydﬁzngorsomegefd}

where )y, is the support of Y | D = d,X = z, and 1y, (y) = I{y € Vy.}. The additional
functions of the form f(y) = 1y, ,(y)g(y) are used to characterize the support of the weak limit of
\/71(1’56”m — Pyp) in £°(Fqz). The maps Py, can be written as

P(lgzax f)/P(1p4q) — P(Lazi—a % f)/P(1lz1-q)
P(lagz.a)/P(lya) — P(Lgzi—a)/P(1ls1-q)

Pd|m t Fdz = R, Pd|z(f) = (57)

and finally, define the set

F = U {]ld,x,z X f ; f € ]:d,x} U {]ld,:zf,zy Hm,za ﬂm} (58)

d,x,z

This appendix defines and studies the map T : Do C £2°(F) — R? given by (v%, ") = T(P).
The coming results show that F is P-Donsker, and the map T is Hadamard directionally differen-
tiable at P. Together these imply, through the functional delta method, the weak convergence of
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Vn(T(P,) — T(P)) (Fang & Santos (2019)).
Several operations in the definition of the map T are repeated for each z € X = {z1,..., 2},
leading to large expressions. These are shortened with the notation {a,}yecx, which refers to

(azyy .-, ag,,). For example,

<{P1‘:E7PO|LI:’ M,z 70,25 Sa:}xeX) = (Pijzys Pojwr> Mz1s M0,215 Sa1s - - s Pl Polenrs Moaar M0, Saar)
is an element of [[M_, £°(F1z,) X £2°(For,) x RE1 x RF0 x R,
The function 7' is viewed as the composition of four functions: T(P) = Ty(T5(T2(T1(P)))).
1. T is the map to the conditional distributions and ng ,: T1(P) = ({P1|x7 Pojzs M.,z 10,2 Sz trex),
2. T; involves optimal transport: T5({(Py|z, Pojzs M1,z 10,2, 52) feex) = ({0F, 08 1 wym0.2, Sz teex),
3. Tj takes expectations over covariates: T5({(0%, 01, 11 2,002, 82) Yeex) — (0%, 05 1),

4. Ty optimizes over t € [9F, 01]: T4(0F, 01 ,n) = (v, +1).

C.1 Verifying Donsker conditions

Before studying this map, this subsection shows the relevant sets are Donsker. The function classes
Fe and F¢ given by (14) and (15), or by (16) and (17), are well known Donsker classes as noted
below. The results of van der Vaart & Wellner (1997) chapter 2.10 allow these to be extended to

show F1, and Fo, are Donsker. It follows quickly that F is Donsker.

Lemma C.1. Suppose that Y C R is compact and c: Y x Y — R is L-Lipschitz. Let F., F¢ be
given by (14) and (15) respectively. Then F. and F¢ are universally Donsker.

C

Proof. Note that any distribution defined on the compact ) has a finite 2 + § moment. The result
follows from the bracketing number bound given by van der Vaart & Wellner (1997) corollary
2.74. O

Lemma C.2. F. and F¢ given by (16) and (17) are universally Donsker.

Proof. The intervals (convex subsets of R) form a well-known VC class with VC-dimension at most
3. Consider an arbitrary set of three real numbers {y1,y2,y3} with y; < y2 < ys3, and notice
that no interval can pick out the set {y;,ys}; that is, there does not exist an interval I with
{y1,y3} = {y1,y2,y3} N I. Since the intervals cannot shatter finite sets of size 3, the VC-dimension
of the intervals is at most 3.
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Similarly, the complements of intervals form a VC class of VC-dimension at most 4. Consider
{y1,y2,y3,y4} with y1 < y2 < y3 < y4 and notice that no complement of an interval can pick out
{y1,y3}. Since the complements of intervals cannot shatter finite sets of size 4, the VC-dimension
of the complements of intervals is at most 4.

The claim follows, because any (suitably measurable) VC class is Donsker for any probability
measure (van der Vaart & Wellner (1997) section 2.6.1). O

Lemma C.3. Let G be P-Donsker and 14 be the indicator function for the set A. Then the set
{14 xg; g€ G} is P-Donsker.

Proof. The proof is an application of van der Vaart & Wellner (1997) theorem 2.10.6. Specifically,
let ¢ : G x {14} — R be the map ¢(g,1,) = 14 x g. Notice that for any f,g € G; x {14},

[$ 0 f(w) = ¢og(w)]’ = |La(w) x fi(w) — La(w) x g1(w)[*
= La(w) x | fi(w) — g2(w)?

g2(w
k

< |fi(w) = (ful (w))?
=1

and thus van der Vaart & Wellner (1997) condition (2.10.5) holds. Moreover, notice that for any
g €3G, (14 xg)? < g?and P-square integrability of g € G implies 14 x g is P-square integrable.
Thus van der Vaart & Wellner (1997) theorem 2.10.6 implies {14 x g; g € G} is P-Donsker. [

Lemma C.4 (F;, are P-Donsker). Suppose assumptions 1, 2, and 3 hold. Let F, and F¢ be given
by (14) and (15), or by (16) and (17). Let F4, be as defined in (56). Then Fg4 4 is P-Donsker and

supser, . [P(f)] < .

Proof. 1. We first show F, is P-Donsker and sup geiy | P(f)| < oo. The argument shows the

argument for F1, as the same argument works when applied to Fo.

Begin by noticing that
:{f:y—>R; f = ¢ for some p € F, orf:ngk) forsomekzl,...,Kl}

= Fo [l af)

Since {ng ), e ngKl)} is a finite number of functions which, by assumption 3 (i), have finite

second P-moment: P((?ﬁk))?) < 00. Thus {17% ), e ,77§K1)} is Donsker. F. is Donsker by

lemma C.1 or C.2, and so F; = F. U {%1)7 e ,n% 1)} is the union of two P-Donsker sets.

Since . X
IPl7, = max{ sup | P()] 1P, [P < oo
"4 c

van der Vaart & Wellner (1997) example 2.10.7 shows F is P-Donsker. Note we have also
shown that sup .z [P(f)| < oc.
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2. Now notice that

Fazx {f:y—ﬂR;f:gorﬂydyzngorsomege]}d}

:de{]lyd@Xg; g€]:—d}

Lemma C.3 shows {ﬂyd’z Xg; g€ .7:"4} is P-Donsker. Moreover, since JF. is universally

bounded,
P iy, s e = T {;g;c\myd,m <Py, < [Py, x nY“))\} <oo
It follows that
1P|l 7, = sup |P(f)| =max ¢ sup |[P(f)], sup [P(f)l p < o0
feFua feFq Fefly, %9 9€Fa}

Thus van der Vaart & Wellner (1997) example 2.10.7 implies F; is P-Donsker.

Lemma C.5 (F is P-Donsker). Suppose assumptions 1, 2 and 3 hold. Then F is P-Donsker,
implying

Vi, —P) 5 G in (>(F),
where G is a tight, mean-zero Gaussian process with P(G € C(F,La p) = 1.
Proof. Lemma C.3 shows {14 . x f; f € Fq,} is P-Donsker. Moreover, F;, is the union of a

subset of universally bounded functions (in either F. or F¢) and a finite subset of square integrable
functions. It follows that

1Plny. gigeray = s [P(DI< o0
fe{laz:-xg; 9€Fas}

Next notice that

F = U {]]-d,z,z X f; f efd,z}u{ﬂd,x,zvﬂx,Zalx}

d,x,z

is the union of a finite number of P-Donsker sets, with
| Pll7 = max { max sup (PO P(Law)| |P(Le2)ls [P(12)], ¢ o < o0
d,$,2 fe{ﬂd,z,zxg§g€]:d,z}

It follows from van der Vaart & Wellner (1997) example 2.10.7 that F is P-Donsker, which implies

vn(P, — P) 5 Gin (>*(F), where G is a tight, mean-zero Gaussian process. Moreover, van der
Vaart & Wellner (1997) section 2.1.2 and problem 2.1.2 imply that P(G € C(F, Ly p) = 1. O
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C.2 Conditional Distributions, T (P) = ({ Pije; Pojs M1,z M0,2> Sz frex)
Lemma 2.1 shows that the distributions of Yy | D1 > Do, X = z, denoted Py, are identified by
Pyo(f) = Ep,, [f(Ya)] = E[f(Ya) | D1 > Do, X = ]

_EBfMI{D=d}|Z=d, X =x]-E[fY)I{D=d} | Z=1—-d,X =]
N PD=d|Z=dX=2)—-PD=d|Z=1-d,X =)

and the distribution of X conditional on Dy > Dy is identified by

sz = P(X =2 | Dy > Dy)
_ [PD=1]Z=1,X=2)-PD=1|Z=0,X =2)|P(X =)
Y PD=1|Z=1,X=2)-PD=1|Z=0,X =2/)]P(X =)

Recall the notation shortening indicators
lgo.(D, X, 2)=Wl{D=d X =x,Z=z}, 1,.(X,2) =X =2,Z==2}, 1,(X)=1{X =z}

and notice that Py, : {°°(F3) — R and s, € R, given by

P(]ld,a:,d X f)/P(]lx,d) B P(]ld,:c,l—d X f)/P(]lch,O)
P(Ligza)/P(1pa) = P(Lagi-a)/P(Lea-a)

S = [P(]ll,:v,l)/P(]lzJ) _P(]ll,:v,(])/P(]lzD)]P(]lx)

v Zx’[P(ll,w’,l)/P(lz’,l) _P(ﬂl,x’,O)/P(ﬂw’,O)]P(]Lx’)’

are functions of P € (*°(F). Moreover, nc(l]ig = E[nc(lk)(Yd) | D1 > Do, X = z] = Pd‘x(nék)) and
Nz = (n((jli, ceey nc(llil)) is simply an evaluation of P, at the points nc(lk) € Fiz
This map is given by
M
Ty : Do COO(F) = [ 0°(Fram) X £°(Fozn) x R x RED x RF0)

m=1

T1<P) = ({P1|:cvP0|x7771,$7770,x73:v}z€x>

= (P1|r15P0|r1a771,x17n0,a?1a Sgiye-- 7P1‘$]Wa POl-TM’T]l,I]w’nU,CUM? Sa:]u)
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where the domain, Do C £°°(F), ensures the map never divide by zero:

Do = {G € (>(F); forall (d,z,z), G(1;) >0, G(15.) >0, and

G(Llaga)/G(leq) — G(Lagi-a)/G(Lg1-q) > 0} (59)

Note that assumption 1 implies P € D¢, a claim shown in the proof of lemma C.7 below.

Lemma F.5 shows that Hadamard differentiable functions with the same domain can be “stacked”.
Moreover, the coordinates corresponding to the 7 terms are evaluations of the Py, at specific coor-
dinates; since evaluation is linear and continuous, the map defining these terms is fully Hadamard
differentiable if the other maps are fully Hadamard differentiable. Thus it suffices to ensure the
maps Cy, : Do — R and Cs; : Do — R given by Cy.(P) = Py, and Cs.(P) = s, are fully
Hadamard differentiable at P tangentially to £°°(F).

Lemma C.6 (Maps to conditional distributions are fully Hadamard differentiable). Let F be
defined by (58), and D¢ be defined by (59). Define the functions Ci 5, Co g, and Cs 5 with

. 00 _ G(ﬂd,:{:,d X f)/G(]lx,d) B G(]ld,x, —d X f)/G(]lx, —d)
Caw Do = O5(Fae), Caal ) = =G —5Taq, )= G(ﬂd,x,i_@/amx,l_d)l ’
(G(11,21)/G(1z1) — G(1140)/G(120)]G (1)

Csqz Do — R, Cs2(G) =

Yo G(L12r1)/G(1er 1) — G(11,20,0) /G (L 0)]G (1)

All three functions are fully Hadamard differentiable at any G € D¢ tangentially to (°°(F), with
derivatives Cy , o : {°(F) = £°(Fuz) and C¢ , g : €°(F) — R described in the proof.

Proof. In steps:

1. We first show differentiability of C' ;. The argument applies the chain rule. An inner function
“rearranges” elements of Do C ¢°°(F), which can be viewed as a fully Hadamard differentiable
mapping (see lemma F.6). An outer function maps that rearrangment to £°°(F; ), and is shown
fully Hadamard differentiable at G € D¢ by applying corollary F.8.

In detailed steps:
(a) Define Dy = {(n1,p11,p1,n0, Pr0,p0) € R®; p1 >0, po > 0, p11/p1 — pro/po > 0} and

n1/p1 — no/po
P11/P1 — P1o/Po

q: ]Dq — ]R, q(n17p117p17n07p107p0) =
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Recall the following notation from corollary F.8:

(°(F1,Dy) = {T : F1 = RO (@) €Dy, sup [Ir(f)]| < 00} C12(F1)°
peEF1

€7 (F1,Dg) = {7“ € 2(F1,Dq) ; suplg(r(f))| < OO}
feFr

For elements r € (°°(F1,D,), the composition ¢(r(y)) is well defined for any ¢ € Fj.
For elements r € £°(F1,D,), composition defines a bounded map; that is, ¢ +— q(r())
defines an element of ¢°°(F;). Finally, define

Q : 4g (F1,Dg) — £(F1), Q(r)(¢) = a(r(¥))

(b) For the rearrangement, define .7:'1@,1 ={liz1xf; feF}, }21@,0 ={liz0x f; feF},
and
}N%Lx :De — EOO(]:"Lx,l) X AO{ Ty p1}) x £°({1p1}) x EOO(]:"L%O) X 0°({11,20}) x 2°({1sp})
Rix(@)(11p1 X fl101,1a1, Lieo X f, 1100, 1uo)
= (G(]ll,x,l X f)v G(Hl,x,l)a G(]lib,l)’ G(]ll,x,o X f)v G(ll,x,0)7 G(]la?,(]))

Lemma F.6 shows that Rl,} is fully Hadamard differentiable tangentially to £>°(F) and
is its own derivative; i.e. R’Lx,g = Ry .. Now view R, as a map from Do C (*°(F) to
(2 (F1,Dy), ie. define Ry, : Do — £5°(F1,Dy) pointwise with

Rl,z(G)(f) = Rl,x(G)(]]-l,x,l X fa IL1,:):,17 ]]-a:,la ]]-1,1,0 X g, ]]-l,m,Oa ]lm,O)
=(G(Ll1z1 % [),G(11,2,1),G(131),G(L1,z0 % [),G(11,2,0),G(1z0))
Note that G € D¢ implies

G(L1z1 % f)/G(Lz1) = G(L1z0 % [)/G(Lap)

sup |¢(R1,2(G)(f))| = sup < 00
SRl U= B | G2 1)/G (L) — GlLia0) /G (o)

and thus Ry . (G) € £5°(F1,Dy).
(¢) To apply corollary F.8, observe that ¢(n1,p11, p1, 10, P10, P0) = % is continu-
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ously differentiable on D, with gradient Vg : D, — RS given by

_ ( 9q o] 9q o] o] ag \T
V(](nlaplhplvn()vpl(]’pO) - (8771,1’ dp11’ Op1’ Ong’ Opio’ TPO) )

ﬂ_ 1/p1

oni  pui/p1 — pio/po

d¢ _  m/pi—mo/po 1 _ [ 1/p1 } B
opin  (p11/p1—p1o/po)?p1  Lp11/p1 — pro/po

9q _ (pu1/p1 = p1o/po)(=n1/p?) — (n1/p1 — no/po)(—p11/pi)

Op1 (p11/p1 — P10/P0)?
_ —n1/p} n q(p11/p3) _ [ 1/p1 ] qp11 —m
p11/p1 — p1o/po  p11/P1 —Pp1o/po | P11/pP1— P1o/Po P1
ﬂ _ —1/po
dno  pu1/p1 — pio/po
dq _ mi/p1—mno/po <_1) _ [ —1/po ] )
dpio  (p1/p1—p10/p0)?> \ po/)  Lp11/p1 — p1o/po 1
@ _ (p1/m —plo/po)(no/P(Q)) — (n1/p1 — no/Po)(Plo/P%)
opo (p11/p1 — P10/P0)?
B no/pj  qlpo/pd) { —1/po ] qp1o0 — Mo
~ pit/pi—po/po p11/p1—po/po Lp11/p1 — pio/po Po

Furthermore, there exists 6 > 0 such that
Ry .(G)(F1) = {r e RS fien}f‘ Ir — R12(G)(9)] < (5} C D,
1

and so lemma F.8 implies @ is fully Hadamard differentiable at R ;(G) tangentially to
¢>°(F1)% with derivative Qr, J(G) 0 (F1)8 — £°°(Fy) given pointwise by

Qs (D) = [Va(Ria(G) ()T I (F)

(d) Finally, observe that C1 ,(G) = Q(R1,(G)) and apply the chain rule (lemma F.4) to find
that C , is fully Hadamard differentiable at G tangentially to £°°(F) with derivative

Ci,x,G HU(F) = Eoo(}_l,w), Ci,x,G(H) = Q/R1,a:(G) (RI,I(H))
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Writing out an evaluation clarifies the notation of the derivative:

Cl o (H)(f) = Qy e (Bra()(f) = [Va(Rao(G)(N))]T Ria(H)(f) (60)
B 1/G(1;1)
= | GG (Tan) — ClLy0) /1) | et X )
I 1/G(1;,) ]
T ) C(an) — CLip) /(g ) (O H L)
N [ 1/G(1e1) | Cra(G)(f) x G(11,2,1) — G(11,2,1 X f)H(]l )
|G(11,21)/G(141) — G(11,2,0)/G(120) | G(141) wl
[ _1/G(ﬂx,0) ]
T )/ Cey) — ClLi0) /Oy ) im0 X )
[ _1/G(ﬂm,0) ]
T ) JGTa) — Gl Gl | el O H L)
+ [ _1/G(1m70) ] Cl,I(G)(f) X G(]ll,x,O) - G(]ll,ﬂmo X f)H(]]_ )
|G(L121)/G(Ls1) — G(L1,40)/G (L) | G(140) =0

2. The same arguments imply the claim regarding Cj ;.

Specifically, notice that Cg , is the same outer transformation applied to a different rearrange-
ment: let

R12(G)(¢) = (G(L1z1 X ¢),G(L1,1), G(Lg1), G(L1,g,0 X ), G(L12,0), G(1s0))
Ry .(G)(¢) = (G(Loz0 X ¥),G(Loz,0), G(1z0), G(Log1 X ¥), G(Loz1), G(1z1))

observe that

_ Gllian % )/G(11) = G(Liwo X )/G(Lao)
CLe(ONf) = == B ) — G o) L) (B12(G)(f))
cuion) - g Bden Glomss A0

Thus, the same argument shows Cp, : Do — ¢°(Fp ) is fully Hadamard differentiable at
any G € D¢ tangentially to £°(F), and C, o(H)(f) can be found with the appropriate
substitutions in (60) above.

3. Finally consider C; ;. Notice that

Dy, ., = {{p1,$,17pz,17p1,z,07px,Oapa:}:cEX e R?M ;
Pe1 > 0,020 > 0,P1,0,1/P21 — Ple,0/Peo > 0,pp > 0 for all z € X}

@se : Dy, , = R,

P1,2,1/Pz,1 — P1,2,0/Pz,0)P
QS,:E({pl,xm,lapmm,lapl,xm,()apmm,O}%:l) = M ( z / z z / z ) z
Zmzl(pl,xm,l/pxm,l - pl,xm,D/pxm,O)prm

is continuously differentiable at any point in D,, , with gradient

Va({P1,2m 15 P15 P05 P 05 P bor—y) € R?M
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Furthermore, notice that for any G € D¢, Cs 1(G) = ¢s,2(Rs 2(G)), where

RS,x : 600(]_-) - R5M= RS,I(G) = ({G(]ll,:cm,l)’G(ﬂxm,l)vG(]ll,xm,ﬂ)vG(lxm,o)uG(ﬂxm)}%zl)

It follows that Cs; : Do — R is fully Hadamard differentiable at any G' € D¢ tangentially to
(>°(F). The derivative is

M
8qsm aQSm
Cl.o(H)= = (Rs(G)) x H(11 4,,1) + “(Rs.(Q)) x H(1,,,
wlH) = 3 g (e G)) X ) 4 1% (Ran(G)) X H (1)
s (R, ,(G)) % H(T100) + 22 (Ry0(G)) X H(Lap0)
8p1’$m70 S,T 1,2m,0 8pmm,0 S,T T ,0
9Gs
: S, T H ]]-x
g (Raa(G)) x H(Ls,)
This completes the proof. O

Lemma C.7 (T} is fully Hadamard differentiable). Let F be defined by (58) and D¢ by (59). Let
Caq and Cs ;. be as defined in lemma C.6, and

e : Do — REd Tl (G) = (Cdm(G)(né D de(G)(Ufﬁd)))
Further define

M
Ty : Do — [ €°(Fran) x €°(Fow,,) x RF x RF xR

m=1

Tl(G) = ({Cl,m(G)a CO,Z(G)a ﬁl,x(G)7 770,90 (G)a CS,QJ(G) }xeX)
Ty is fully Hadamard differentiable at any G € D¢ tangentially to £°(F).
Proof. Lemma C.6 shows that Cy, and Cs, are fully Hadamard differentiable at any G € D¢

tangentially to £°°(F).
Define the evaluation maps

k
€'Unék) A (Faz) — R, 6U77§ik) (H) = H(nc(l ))

Note that each ev e is continuous and linear, and is therefore fully Hadamard differentiable at any

H e (>°(Fiz) tangentlally to £>°(F4z) (and is its own derivative). Moreover,
N4a(G) = (ev, 1) (Caa(G)),- - v, ) (Caa(G)))
is the composition of an inner function that is fully Hadamard differentiable at any G € D¢, and

an other function that is fully differentiable at any H € ¢*°(F, ;). Therefore 74, is fully Hadamard
differentiable at any G € D¢ tangentially to £°°(F).
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Next apply lemma F.5 to find that

M
Ty : Do — [ €°(Fren) x €°(Fow,,) x RF x RF xR

m=1
Tl(G) = ({CLJU(G)v CO,I(G)a ﬁl,ﬂv(G)7 ﬁU,fL" (G)a Cs,x(G) };ce)()
is fully Hadamard differentiable at any G € D¢ tangentially to £°°(F). O

C.2.1 Support of the weak limit of \/n(71(P,) — T1(P))

The next few lemmas study the support of the asymptotic distribution of \/n(71(P,) — T1(P)); in

particular, it concentrates on the tangent set of the next map studied in appendix C.3.

Lemma C.8 (Continuity of Cj, (H)(")). Let Cyy be as defined in lemma C.6. If G,H €
C(f, Lz’p), then Cél,:):,G(H) S C(.Fd7x,L27p).

Proof. Consider C7 , o(H) first. Fix f € 71, and let € > 0. Let

_ ]./G(]]-;L‘,l)

Coef((G) = [G(ﬂl,x,l)/a(ﬂ%l) _ G(]le’O)/G(]lx,o)}
B —1/G(]]-x,0)

Coefr(G) = [G(ﬂl,x,l)/G(ﬂ%l) — G(114,0)/G(1, 0)}

and use display (60) to see that

Gt a(H)(f) = Clpo(H)(9)]

)

= |Coefy (G) x [H(L1,41 X f) — H(L121 X g)]

+ Coef1 (G) X (= [C12(G)(f) = CLe(G)(9)]) H(L1,2,1)

1 Coefy (@) x 11 {G)) — Cra(G)(9)] X G(ICL;& i) (GLio1 > f) = Ca XD prq )
+ Coefy(G) x [H(11,20 % f) — H(L1 20 X g)] |

+ Coefa (G) x (= [(Cr(G)(f)) — Cr2(G)(9)]) H(11,2,0)

+ Coefs(G) [C12(G)(f) = C12(G)(9)] X G(L1,w0) = [G(L1,20 X f) = G(L1,2,0 X 9)]H(1x o)

G(]lx,g) ’

Recall that C .(G)(f) = G(%&;j{% Ek 3 ggi:g)x/]g(/f(k ) and thus

Cra(G)(f)=Cr.(G)(9) =

[G(l1z1 X f) = G(l121 X g)]/G(1e1) = [G(L120 X ) = G120 X 9)]/G(Lap

)

G(112,1)/G(1z1) — G(L1,2,0)/G(1zp)
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use this to see that

C o (H)(f) = Clpc(H)(9)|
<A X [H(Lign X f) = H(L1z1 X g)| + A2 X [G(L121 X ) = G(L121 X g)|
-+ A3 X ‘H(]le’[) X f) — H(]ll’%o X g)| + A4 X ’G(117x70 X f) — G(]le,O X g)| (61)

for finite constants A;, As, A3, and A4 that depend on G and H, but not on f or g. Now use
G,H € C(F, Ly p) to choose 6, i > 0 and J, ¢ > 0 such that

Lop(liza x f,liz1 X g) <01,m = |H(11,21 % f) — H(Liz1 % g)| <e/(441)
Lop(l1g1 %X 1121 X 9g) <d1c = |G(L1,21 %X f) = G(11 41 % g)| <e/(4As2)
Lo p(11420 % f, L1420 X g) < 00,1 = |H (L1140 x f) — H(Liz0 X g)| <e/(443)
Lo p(L1420 % f, L1420 X g) < do,c = |G(L1,20 % f) = G(L120 x g)| <e/(4A4)  (62)

Finally, notice that

L2,P<H1,z,zxfa]ll,m,zxg \/P Hlmzxf_]llmzxg \/P Illmzx(f g))
<\/P L2P f, (63)

It follows from (61), (62), and (63) that

Lo.p(f,9) < min{éy i, 01,005, 00.c} = Ot a(H)(f) = Clpc(H) ()l <<

ie., €1, g(H)() is continuous at f. Since f € Fi, and G, H € C(F, Ly p) were arbitrary, this
shows that G, H € C(F, La,p) implies C7 , o(H) € C(F1 4, La,p).

The same argument shows that G, H € C(F, Ly p) implies Cj , o(H) € C(Foz,Lo,p). This
completes the proof. O

Lemma C.9 (Support of T} p(G)). Let F be defined by (58) and Ty be as defined in lemma C.7.

1. If assumption 1 holds, P € D¢ and hence T4 is fully Hadamard differentiable at P tangentially
to £°(F).

2. If assumptions 1, 2, and 3 hold,
L
Vn(Ty(P,) — Ti(P)) = T} p(G)
where G is the Gaussian limit of \/n(P, — P) in (>°(F) discussed in lemma C.5.
3. If assumptions 1, 2, and 3, then P(TLP(G) € Drgn, pun) = 1 where

M

Dranut = [T (55, Fraen) 055 .., (Fon) )1 (C(Frinnss L) XC(Foas Lo, p) ) xRE XRFOXR

m=1

(64)

Proof. In steps:
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1. P € D¢ and differentiability of 177 at P.

Assumption 1 implies P € D¢, given by (59). To see this, recall that assumption 1 (iv) is that
P(1l;,) =P(X =2,Z =2) >0 (implying P(1,) =P(X =2)=PX =2,Z=1)+ P(X =
x,Z =0) > 0). Furthermore,

P(lgza)/P(lzq) — P(Laz1-a)/P(lz1-a)
—PD=d|X=2,Z=d)—P(D=d| X =2,Z=1—d)
:P(D1>D0|X:.T)>O

The second equality is shown in the proof of lemma 2.1, and the inequality is assumption 1
(iii). Lemma C.7 thus shows that T} is fully Hadamard differentiable at P tangentially to
1°(F).

2. Functional delta method.

Under assumptions 1, 2, and 4, lemma C.5 shows that /n(P, — P) L Gin (>*(F). The
functional delta method (Van der Vaart (2000) theorem 20.8) then implies

M
VA(Ti(P) — Ti(P) B T{ p(G),  in [] €°(Fran) x £2(Fow,) x RET x RE0 x R
m=1
3. Support of T1’7P(G).

Notice that Th(€) = ({4 . p(G), Cl.p(€): 7 1, p(C), oo p(€). Cly p(€)} ), where g,
are defined in lemma C.7. Let

S, = (%’Z,zm (Fraom) ¥ 35, (fo,xm)> N (C(fl,zm, Lo.p) % C(Foa,, LQ,p)) x RE1 5 RF0 « R
and note that it suffices to show P (Ci,x,P(G)’ Co...p(G), 1, p(G), 1, p(G), Ct, p(G) € Sx> =
1 for each x. Moreover,

P ((ﬁll,z,P(G)vﬁf),z,P(G)v Cg,m,P(G)) € RKl X RKO X R) =1

is immediate. To complete the proof we must show P(C7 , p(G) € €57 (Faz)) = P(Cy, p(G) €
C(Faz, L2p)) = 1.

(a) Tosee that P(Cy, p(G) € C(Fyz, Lo,p)) = 1, first note that for any functions f1, fo € F,

|P(f1) — P(f2)] < P(lf1 — fol) = P(\/(fi — f2)) < VP((f1 — f2)?) = La,p(f1, f2)

where the second inequality is an application of Jensen’s inequality. Thus P € C(F, Ly p).

Next apply lemma C.8 to see that if G € C(F, Lo,p) then Cj , p(G) € C(Fyg, Lo,p). It
follows that

1=P(GeC(F,Lyp)) < P(Cy, p(G) € C(Fau Lap))
(b) To see that P(Cy , p(G) € €5, (Fax)) = 1, we show that P(v/n(Cux(Pn) — Cau(P)) €
fﬁf{;x (Faz)) = 1.
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First recall the definition given in (54):

5 (Fas) = {H € (°(Fup); foralla,beRand f,g € Fug,
H(f)=H(ly,, x f), if a € Fgq, then H(a) =0, and
if af +bg € Fup then H(af +bg) = aH(f) + bH(g)}

i. v/n(Cye(Pp) — Cqx(P)) is linear and evaluates constants to zero.

This follows because Cy,(P,) and Cq.(P) are linear and “return constants”. To
see this, recall that Cq,(P) € {°°(Fq4) is given pointwise by

P(]ld,x,d X f)/P(]lx,d) B P(]ld,a:,lfd X f)/P(]lx,lfd)
P(lagza)/P(lea) — P(Laz1-a)/P(Lei-a)

Use this to see that for any a,b € R and f,g € Fy,. if af +bg € Fq,, then linearity
of P implies Cd,I(P)(af + bg) = aCd,m(P)(f) + bcd,z(P)(g) and Cd,x(Pn)(af +
bg) = aCqr(Ppn)(f) + bCq 4 (Pr)(g). Similarly, if a € F4, is the constant function
always returning a, then Cy ,(P)(a) = a. The same observations apply to Cq . (P) €
0°(Faz)-

Therefore

Vi(Caa(Pa) = Can(P))(af + bg)
= Vi(Cu(Pa)(af +bg) = —Cun(P)(af +bg))
— Vi(aCua(Ba)(f) + bCaa(Ba)(9) — aCin(P)(f) = bCia(P)(9))
— 4 X Vi(Cio(Pa) = Caa(P))(f) + b x V/1(Caa(Pr) — Caa(P)) ()

Cae(P)(f) =

and furthermore, if a € Fy,, then
Vn(Caz(Pn) — Caw(P))(a) = Vn(a—a) =0

ii. Cyx(P) “ignores values outside Vg ,"; i.e. Cqz(P)(f) = Caz(P)(Ly,, x f).
To see this,

Cax(P)(f) (65)
CEfMID=d)} | X=e.Z=d ~ EfV)I{D=d} | X =2, Z=1—d]
B P(lgza)/P(Lza) — P(Lawi-a)/P(Lz1-a)
 P(D=d|X=2,Z=dEf(Y)|D=dX =272 =d
B P(1gz.4)/P(1z,d) — P(Lazi-a)/P(Lz1-a)
PD=d|X=2,2=1-dE[fY)|D=d,X =2,7 =1 —d
- P(lgza)/P(Lza) — P(Lawi-a)/P(Lz1-a)
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iii.

Since Y, is the support of Y | D =d, X =z,

ElfY)|D=d, X =z,7Z = Z]
—E[fV)1{Z=2}|D=d,X=2a|/P(Z=2|D=d,X =)
= E[I{Y € Vi) f(V)1{Z =2} |D=d, X =2]/P(Z=2|D=d, X =x)
= B[{Y € Yu .} fY) | D=d, X =2, 7 = 2]

Along with (65), this implies Cg ., (P)(f) = Cam(P)(1y,, X f).

Now notice that with probability one the sample is a subset of the support, and
when this is so, Cy ,(IP,,) ignores values outside of Vg 5.

Specifically, observe that

Caz(Pn)(f) (66)
_ X HDi=d X = a}1{Z = d} (V)] / [ 2o HXi = 2, Zi = d}]
Pr(lazd)/Prn(lzd) = Pn(lazi—-a)/Pn(lz1-d)
CLEELUHDi=d X =y {Zi =1 -d} (V)] / [ e X =2, Z = 1 - d}]

Pr(la,z,d)/Prn(le,d) = Prn(laz,1-a)/Pr(lz1-a)
Note that because Vg, is the support of Y | D = d,X = x, we have that with
probability one, {Y;, D;, Zi, Xi}ity € S = Uy, Yoz x {d} x {2} x {z}. Indeed,
since Vg x {d} x {z} x {z} C R? are disjoint for each distinct (d, z, z),

P((Y;, D, Zi, X;) € S) = P | (Yi, Di, Zi, X;) € | Yao x {d} x {2} x {z}

d,z,x

=Y P(Yi€ Vs Di=d Xi=2,2; = 2)

d,z,x

= ZP(Di:d,Xi:x,Zi:z)

d,z,x
(Yeydx, —Z|D—dX—x)/P( —Z‘Di:d,Xi::E)
=P(Z;=z|D;=d,X;=x)
=Y P(Di=dX;=x,Z=2) =1

d,z,x

Since {Y;, D;, Z;, X3}, is ii.d.,

P({}/;JDl?Z'L?X'L} =1 - S (ﬂ{ }/;aDZaZMX € S}) HP K,DMZMXZ) € 8) =1
1=1

When {Y;,Di, Zi,Xi}?:l g S hOldS7 H{Dz = d, XZ = .1‘} S ]l{Y; S yd@} = ]lyd,z (Y;)
and thus 1y,  (Y;) x I{D; = d, X; = 2} = 1{D; = d, X; = x}. This and (66) implies
that when {Y;, Di, Ziin}?zl - S hOldS,

Cd,x<Pn>(f) = Cd,x(]pn)(]lyd,m X f)
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iv. Use the facts established above to see that

P(\/ﬁ(cd,:c(lp)n) - Cd,z(P)) € ESJZ’I(‘FL:E))
= P(vV1(Cau(Pn) — Cau(P)) € €3, (Fau) | {Yi, Di, Zi, Xitiy € S)
=1

Lemma B.4 is that (57 (F1,4) is closed, so Portmanteau (van der Vaart & Wellner
(1997) theorem 1.3.4) implies

1 = limsup P(v/n(Cyz(Pn) — Cyn(P)) € (3, . (F12)) < P(Cy,.p(G) e (3, . (F12))

n—0o0

In summary, we have

=P ((ﬁll,m,P(G)aﬁ/O,x,P(G)v qu,x,P(G)) S RKl X RKO X R)
= P(Cae,p(G) €15, (Fax))
=P (Cc/i,w,P(G) € C(Faz, Lo.p))

From which it follows that
1= P (C14p(G),Ch p(G), 1 4.p(G), 70 4,p(G), Cs 4 p(G) € Sy)

for each z, and therefore

P(T} p(G) € Dran,Fu)

=P ( m {Ci,m,P(G)’ C(l),x,P(G)aﬁll,x,P(G)aﬁé,x,P(G)> C;,x,P(G) € Sx}) =1

rzeX

This completes the proof. O

C.3 Optlmal transport, TQ({P1|xa PO\x; M,z M0,z S:C}xGX) - ({eéa 057 M,z M0,z Sz}:vEX)

The second map applies the directional differentiability of optimal transport shown in appendix
B.2. There are three assumptions in lemma B.2 to verify: strong duality, Donsker conditions, and
completeness. Strong duality is shown by lemmas E.9 and E.13, and the Donsker conditions were

shown by lemma C.4. It remains to verify the completeness assumptions.
C.3.1 Verifying completeness

Lemma C.10 (Completeness of dual problem feasible set in L for smooth cost functions). Suppose
Y C R is compact and ¢ : Y x Y — R is L-Lipschitz. Let F., F¢ be given by (14) and (15)
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respectively:

Fe={0: Y= R; —[lclc < 0w1) < llelloo, lo(y) — o) < Lly —¢'I},
Fe={: Y= R; =2l <9(y) <0, [¢(y) — () < Lly—¢/|},

Further let ®. be defined by (79), and F; defined by (56). Let Lo p be given by (50), and Lo be
given by (51). Then (Fiz X Foz, L2) and its subset ®. N (Fe x FE) are complete.

C

Proof. In steps:

1. (Fe, Lo p) and (F¢, Lo p) are complete.
The proof that (F¢, L p) is complete is broken into steps:

(a) Let {¢n}22, C F. be Ly p-Cauchy. The L, semimetrics are complete for any probability
distribution (Pollard (2002) section 2.7 and chapter 2 problem [19]), thus there exists ¢
such that Ly p(¢n, ®) — 0. Convergence in Lo p implies convergence almost surely along
a subsequence (Pollard (2002) section 2.8). Thus there exists a subsequence {¢y, }72,
such that limy_,o ¢n, (v) = ¢(y) for P-almost every y. Let N1 C ) be the P-negligible
set where this fails.

(b) Observe that on Nf = )Y \ Ni, ¢ obeys the bounds and Lipschitz continuity of F..
Specifically,

~llelloc < lim —lefloo < lim @y, (y) < lm [|eflos < flefloo
—00 k—o0 k—o0

~—_———
&(y)

Furthermore, for any y,y’ € N{,

[B(y) = @) = | im n, (y) = Hm on, (y)] = 1 [@n, (y) = o, ()]
—00 k—oo k—o00

< lim Ly —y'| = Lly — ¢/|
k—o0
(c) Now define functions @, ¢ : Y — R with

o(y1) = sup {@(W)) — Llyr — w11}, o(y1) = max{@(y1), — ¢l }
Yy ENT

Then La p(¢n,p) — 0 and ¢ € F., which shows (F¢, Lg p) is complete.

i. Lo p(pn,p) — 0 follows from ¢(y) = ¢(y) for all y € Ny. To see this, let y € NY.
Since ¢ is L-Lipschitz on NY, it follows that for any y’ € NY,

¢(/) — Lly —y'| < &(y)
and thus ¢(y) = ¢(y). This implies (y) = P(y) > —||c[lo, and thus p(y) = @(y) =
o(y). Thus ¢(y) = ¢(y) for P-almost all y, implying Lo p(@,) = 0 and thus
La,p(pn, ) = 0.
ii. To see that ¢ € F, first notice that ¢(y) = supy e ne{P(y')—Lly—y'|} < supyene G(y)

|lc||oo, and hence ¢ obeys the upper bound for F.. It then follows easily that
o(y) = max{@(y), —||c|lc} obeys both the upper and lower bound. Next notice
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that @ is L-Lipschitz on all of Y:

Ply) — oY) == sup {(5) — Lly = 9l} = ;;1]{’,6{@@’) — LIy =9I}
< sup {3(§) — Lly — g = (¢(#) — Lly' — 9])}
geENT

=sup L(|y' =gl —|y—9l) <Lly—|
GENE

where the last inequality follows from the reverse triangle inequality. It follows that

o(y1) = max{p(y1), —|l¢|]|so } is also L-Lipschitz, and thus ¢ € F.

2. Very similar steps show that (F¢, Lo p) is complete; the only substantial changes are replacing
the lower bounds with —2||¢|| and the upper bounds with 0.

3. Note that since (F, x F¢, Lo) is the product space of (F¢, Lo p) and (F¢, Lo p), it follows that
(Fe X FE, La) is complete.
4. &N (F. x FE) is complete.

To see that . N (F. x FE) is complete, let {(¢n, 1¥n) 102, C &N (F. x FE) be La-Cauchy, and
follow the same steps shown above to define (¢, 1) € F. x F¢ such that La((¢n, ¥n), (¢, ¥)) —
0. It remains to show that (y1) + (o) < c(y1, o) for all (y1,70) € Y x Y C R2.

Since c¢ is L-Lipschitz,

c(y1,y0) — c¢(y1.y0) = —L|[(y1.90) — W1, 90)ll = —Lly1 — y1] — Llyo — ol
which implies c(y1,yo) — Lly1 — y1| — Llyo — yol < e(y1,%0)- Thus

@(y1) + @(yo) = sup {B(y}) — Llyr — vil} + sup {P(yo) — Llyo — vhl}
Yy ENY Yo ENG
= s LB + D) — Ly — vl — Llyo — w5/}
(¥1,90)ENT X N§

< sup  {e@hyo) — Llyr — yil — Llyo — yol}
(¥1,90)ENT X N§

< sup {e(y1,90)} = c(y1,90)
(¥1,90)ENT X N§

Finally,

(1) + ¥(yo) = max{@(y1), —lclloc} + max{t(yo), —2|cl}
= max{@(y1) + ¢(¥0), P(y1) = 2llcfloo, =llelloo + P (yo), —llelloo — 2]lell}
< max{c(y1,40), ~[llloos =[lclloos =3llelloo}
S C(?Jl,yo)
where the first inequality follows from @(y1) < ||¢|lso and ¥(yo) < 0.

5. (Fi,z X Foz, L2) is complete.

As this is the product space of (Fi 5, Lo, p) and (Fo », Lo, p), it suffices to show these individual
spaces are complete.
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Now recall that Fg , is defined by (56):

flz{f:y—ﬂR; f = for some ¢ € Fg, orf:nik) forsomekzl,...,Kl}
]:"o:{f:y—ﬂR; f =1 for some ¢ € F¢, orf:n(()k) forsomekzl,...,Ko}

fd7x:{f:y—>R;f:gor]lyd’xngorsomegefd}

Recall that the union of a finite number of complete sets is complete. Since (F¢, L2 p) and
F&, Ly p) are complete and any finite set is complete, F; is complete. Next recognize that

Fiz = FaU {ﬂyd,z Xg; g€ fd} is the union of a finite number of sets, and thus it suffices

to show {]]‘yd,z Xg; g€ ]}d} is complete.

Let {1y,, X gn}pzy C {]lyd’x Xqg; g€ ]:"d} be Ly p-Cauchy. Lemma C.4 shows that Fg, is
Donsker and sup ez, |P(f)| < oo, which implies (Fgq, L2,p) is totally bounded (see van der

Vaart & Wellner (1997) problem 2.1.2.). Since Fy is a complete subset of a totally bounded
set, it is compact. Thus {gn}22; C Fq4 is a sequence in a compact semimetric space, and
therefore has a convergent subsequence {gy, }72 . Let g € Fy be its limit, and notice that

0 S LQ»P(]]'yd,a: X gnk’ ]]'yd,z X g) = \/P((]]‘yd,z X gnk - ]]'yd,z X 9)2)
< \/P(gn — 9)%)

== LQ,P(gnk7g) — 0

and thus 1y,  X¢n, — Ly, g. It follows that 1y,  X¢, — 1y, g, and thus {Ilyd’x Xg; g€ ﬁd}
is complete.

This completes the proof. O

Lemma C.11 (Completeness of dual problem feasible set in Lo for indicator cost functions).
Let Y C R, C C Y x )Y be nonempty, open, and convex, and let ¢ : Y x Y — R be given by
c(y1,y0) = Le(yr, yo) = H{(y1,v90) € C}. Let Fe, FE be given by (16) and (17) respectively:

Fe={p: Y =>R; o(y1) = 11(y1) for some interval I},
Fe={y: Y= R; ¢¥(yo) = —1e(yo) for some interval I},

Further let ®. be defined by (79), and Fq, defined by (56). Let Lo p be given by (50), and Lo be
given by (51). Then (Fiz X Foz, L2) and its subset ®. N (Fe x FE) are complete.

C

Proof. The proof is similar in structure to that of lemma C.10.

1. (F¢, Lo p) is complete.

Let {¢n}22, € Fc be Ly p-Cauchy. Note that ¢,(y) = 1y, (y) for some interval I,,. Just as
in the proof of lemma C.10, there exists ¢ such that Ly p(pn,$) — 0, and a subsequence
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{@n, 172, such that limy_o ¢n, () = @(y) for P-almost every y. Let N C Y be the P-
negligible set where this convergence fails.

Let y € N¢, and notice that ¢y, (y) = 11, (y) € {0,1} for all k and {n, (y)}72, converging
in R implies that ¢, (y) is eventually constant as k grows. This implies ¢(y) € {0,1}, and
hence for some set A C ),

@(y) = 1a(y) for all y € N°

We will show that for some interval I, ANN¢ = INN€. Let y1,y2,y3 € N€satisfy y1 < yo < y3
and y1,ys € A, but be otherwise arbitrary. It suffices to show that y2 € A; we can then
define I to be the interval with endpoints inf A and sup A (including the lower endpoint if
inf A = min A > —o0, and including the upper endpoint if sup A = max A < c0), and define
the function ¢ : J; — R with o(y;) = 17(y1).14

Notice that limy_,o 17, (y3) = 1a(ys) = 1 and limg_, 1p,, (y3) = 1a(y3) = 1 implies that
Ir,, (y1) and Ir,, (y3) are eventually constant and equal to 1, i.e. there exists Kj, K3 € N
such that

y1 € I, for all £ > Ky, and y3 € I, for all £ > K3
Since I, is an interval, this implies
y2 € I, for all k > max{K;, K3}

i.e. 1r,, (y2) =1 for all such k, and therefore 14(y2) = limyo0 14, (y2) = 1. Thus y, € A.

It follows that ¢(y) = ¢(y) = 11(y) for ally € N€. Thus Ly p(, ) = 0, and Lo p(¢n, ¢) — 0.
Since ¢ € F,, this completes the proof that (F., L2 p) is complete.

2. (F¢, Lo p) is complete.
The argument is similar. Let {1, };>; C F. be Ly p-Cauchy. Note that 1, (y) = 1c(y) for

some interval I,. There exists ¢ such that L p(¢n,1) — 0, and a subsequence {tn, }22,

such that limy_,o 9¥n, (v) = ¥ (y) for P-almost every y. Let N C ) be the P-negligible set
where this convergence fails.

Since ¢, (y) = 1z (y) € {0,1} for all k and y, and limg o0 ¥n, (y) = P(y) for all y € N¢, we
have 1 (y) € {0,1} for all such y and thus for some set A C ),

Y(y) = Lac(y) for all y € N°¢

Once again, it suffices to show AN N = INN* for some interval I. Consider yi1,y2,y3 € N¢,

Y1 <y2 <ys, with y1,y3 € A. limp 00 tn, (y1) = ¥(y1) = 0 and limg 00 ¥, (y3) = ¢ (y3) =0
implies that ¢y, (y1) = 11c (y1) and 1y, (y3) = 1 Ig, (y3) are eventually constant and equal to
0, i.e. for some K, K3 € N,

y1 € I, for all &k > K, y3 € I, for all £ > K3

“Explicitly, T is defined as follows: (a) I = (£,u) if neither £ = inf A nor v = sup A is attained in R (b) I = [¢,u)
if £ = infA = min A, but u = sup A is not attained in R (¢) I = (¢,u] if £ = inf A is not attained in R, but
u=supA=maxA (d) I = [{,u] if both £ =inf A = min A and u = sup A = max A.
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since I, is an interval for every £, this implies
y2 € I, for all k > max{K;, K3}

thus ¥ (y2) = limg 00 ¥n, (y2) = 0. Tt follows that AN N¢ = I N N¢, where [ is the interval
defined by endpoints inf A and sup A, which are included if attained and finite. Define Y(y) =

17¢(y) and notice ¢ € FS. We have ¢(y) = ¥(y) for all y € N¢ and hence Ly p(1),7) = 0.
Thus Ly p(tn, ) — 0, showing (F¢, Lo p) is complete.

3. Note that (F. x F¢, L) is the product space of the complete spaces (F¢, Lo p) and (F¢, Lo p),
and so is complete.

4. We next show &, N (F. x FE) = {(p,¥) € Fe x FE 5 p(y1) + ¥ (yo) < e(y1,y0)} is complete.

Let {(¢n, )}, € ®.N (Fe x FE) be Ly-Cauchy, and let (@, ) be a limit in F, x F¢. Since
Ly p(¢n,$) — 0 there exists a subsequence {(¢n,,¥n, )}, such that limy_ o on, (y1) =
&(y1) for P-almost all y;. Let N; be the negligible set where this fails. Furthermore,
Lo p(tn, 1) — 0 as k — oo and so there is a further subsequence {(cpnkj,wnkj)};?‘;l such

that lim; o0 Q/Jnkj (yo) = ¥(yo) for P-almost all yg. Let Ny be the negligible set where this
fails. It is then clear that if (y1,y0) € Nf x IN§, then

P(y1) +d(yo) = Jim {eny, (1) + vny, (v0)} < Tim eyr, 90) = Lo(y1, o) (67)

Note that ¢ = 11, and z; =-1 g for some intervals Iz and I e Let
ElzinfL;ﬂNf, ulzsuplg,ﬂNf, Eozian@ﬂNg, UQ:SupIJ)ﬂNg

and define ¢ = 1;, where I, is the interval with endpoints £1, u; (included if the inf/sup are
finite and attained), and ¢ = —1 I where [ 1(/:1 is the interval with endpoints £y, ug (included
if the inf/sup are finite and attained). Notice that I, = I3, P-almost surely and I, = I B
P-almost surely.

Notice that for (y1,y0) € (N] x N§) to satisfy ¢(y1)+1(yo) = 11, (y1) — ]l]i (yo) > 1e(y1, vo),
it would have to be the case that (y1,y0) € (Iz x I5) N (N7 x N§)\ C. Let (y1,90) €
(I, x Iy) N (Nf x N§)¢, and note that there exists yf{,yt € I, N Nf with y{ < y; < y¥ and
yb, Yy € I, N N§ with yb < yo < y¥. Notice that [y}, y¥] x [y5, 4] € C, because C is convex
and (67) holds for the “corners”: (¢1,£y), ({1,u0), (u1,%o), (u1,u0) € (Iy x Iy) N (N} x Nf).
Thus (Ip x I;) N (Nf x N§)°\ C = @, showing that ¢(y1) + ¥ (yo) < c(y1,y0) holds for all
(y1,90) € Y1 x Yo. This shows & N (F, x FE) is complete.

5. The argument thet (Fy 5 X Foz, L2) is complete is identical to the argument given in step 5
of the proof of lemma C.10.

This completes the proof. ]

C.3.2 Differentiability of 75

We first apply lemma B.2 to show show that 6%(-) and 8 (-), given by either (19) or (20) depending

on the function ¢, are Hadamard differentiable.
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Lemma C.12. Suppose assumptions 1, 2, and 3 hold. Then 6% and 67 given by (19) or (20) are
Hadamard directionally differentiable at (Py,, Fy|,) tangentially to C(Fiz, L2 p) X C(Fox, L2.p)-
The argmazx sets

We, (P1|aca P0|m) = argmax P1|z(90) + PO\a:(¢)
(p0)€Pep N(Fex FE)
\IICH (P1|xa P0|:c) = argmax P1|1‘((p) + P0|x(w)
(P ) EPc N(FeXFE)
are nonempty, and the derivatives Q(L];” Py ),953’” Pya) C(Fiz, La.p) x C(Foz, La,p) = R are
given by
00p,,..py) (H1, Ho) = sup Hy(p) + Ho(v)) (68)

(%071#)6‘1’% (P1|T7P0\x)

O(B. Ry (1, Ho) = — [ sup Hi(p) + Ho(w)] (69)
(%ﬂ’)G‘I’cH (P1|I7P0\z)

If assumption 4 also holds, then 6% and 69 are fully Hadamard differentiable at (Prjz> Pojz)
tangentially to

Dran,rute = (635, (Fra) 65, (Fow) ) 1 (C(Fras La,p) x C(Foa Lop) )

with the derivatives H(LI’DI‘WPOM),H{?W’PW) : Dran, Fulle — R also given by (68) and (69).

Proof. We apply lemma B.2. It is clear from inspection that the cost functions ¢y and cy are lower
semicontinuous, the sets F, , defined by (56) consists of measurable functions mapping Y to R, and
that the subsets F. and F¢ given by (14) and (15), or by (16) and (17), are universally bounded.

Moreover,
1. Strong duality holds.
(i) If assumption 2 (i) holds, then lemma E.9 shows that strong duality holds.
(ii) If assumption 2 (ii) holds, then lemma E.13 shows that strong duality holds.

2. Assumption 1 implies P dominates Py, with bounded densities dg}ﬂz. Indeed,

By () EPFOUD = b | X =0, Z = d) = Eplf(¥)UD=d} | X =2.Z =14
e PD=d|X=a2,Z2=d) —P(D=d| X =2,Z=1—4d)
—Ep [f(Y) Liwd(D, X, 2)/prda— Lazi-a(D, X, Z)/pm—d]
pd,x,d/pz,d - pd,x,lfd/pz,lfd
D? Xa Z)/p:c,d - ]ld7x,1—d(D7 Xa Z)/p:c,l—d | Y:|:|
Pd,a.d/Pa.d — Pde1—d/Pz,1—d

= Ep [f(Y JE Pd’x’d(

Duxvz)/pz,d_]ld,z,lfd(D,sz)

Pd,x,d/Pz,d—Pd,x,1—d/Pe,1—d
P-almost surely; if the set A = {y ; dg}ﬂw (y) < 0} was P-non-negligible, the displays above
would imply the contradiction P(Y; € A | Dy > Do, X = z) < 0. Moreover, it is bounded by

K — 1/pz,d
dyx Pd,z,d/Pz,d—Pd,z,1—d/Pz,1—d

: P, .
Notice that ddi}ia‘x(y) = Ep [ﬂd’m’d( [Pr1=d | Y} must be nonnegative
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3. Lemma C.4 shows that under assumptions 1, 2, and 3, Fy, is P-Donsker and sup ;e 7, [P(f)| <
oo for d = 1,0, and
4. The set (Fi x Fo, Lo) and its subset ®. N (F, x F¢) are complete.

C

(i) If assumption 2 (i) holds, then lemma C.10 shows these sets are complete.

(ii) If assumption 2 (ii) holds, then lemma C.11 shows these sets are complete.

It follows from the chain rule that #% and 8% are Hadamard directionally differentiable with the
claimed directional derivatives.

Now suppose assumptions 1, 2, 3, and 4 hold. Lemma B.5 implies 8% and 8 are fully Hadamard
differentiable at (Py,, Fy|,) tangentially to

D7 puile = (53;01@(-7:1,9@) X A3, (]:o,x> N (C(]:l,x,LzP) X C(]:o,x,L2,P)>

with derivatives given by the same expressions. O

We can now show the differentiability properties of T5.

Lemma C.13 (75 is Hadamard differentiable). Let Drq, and Drgy, puy be given by

M
Dran = [ [ C(Fram: L2.p) % C(Fom,: Lo,p) x RE x RO x R

m=1

M
Dran,run = | | (fﬁmm (Fram) X €55, ... (]:o,xm)) N (C(-Fl,xvaZ,P) X C(J:O,xmaLZ,P)> x R < RF x R
m=1

and define
M M
Ty : ] 0°(Fra) x £°(Fou) x RF x RF xR — [] R x R x Rt x RF0 xR,
m=1 m=1

T2({P1|xv PO\wnl,wvnO,xa SHU}IEX) = ({OL(Pl\w P0|;r)7 HH(PI\QJ7PO|$)7771,IE3"70,I’ 535}276/\’)

Under assumptions 1, 2, and 3, Ty is Hadamard directionally differentiable at
T1(P) = ({Prjzs Pojzs Sz Mzs Moz feex) tangentially to Dray, with derivative

M
Ty rypy  Dran = [ R x Rx RF1 x RO xR

m=1

TéyTl(p) ({Hl,m HO,z; hm,azv h’n(),$7 hs,x}xeX)

= ({H(LIf)szPO\z)(Hl’m’ HO,LB)) Q{gl\szmz)(Hl’m’ HO’:E)7 hT]l,Ia hT]o,CEa hs,(t}xex)
If assumption 4 also holds, then Ty is fully Hadamard differentiable at Ty (P) tangentially to

Dran, Fui, with derwative T27T1(P) : Dran, Full — Hn]\le R x R x RE1 x REo x R given by the same
exTPTeSSLoN.
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Proof. Lemma C.12 shows that under assumptions 1, 2, and 3, #*(-) and #7(-) are Hadamard
directionally differentiable at (Py|,, Py|,) tangentially to C(F1 x, L2, p) XC(Foz, L2 p) for each z € X'
If assumption 4 also holds, lemma C.12 shows these derivatives are linear on the subspace Dy, puir,
and hence 0%(-) and 97(-) are fully Hadamard differentiable tangentially to Drgp pun. The other
coordinates are the identity mapping, which is fully Hadamard differentiable. Apply lemma F.5 to
obtain the result. O

C.4 Expectations, T3({0%, 07 0 ., 10,0, Sz teex) = (05,07 n)

Lemma C.14. Define

M
Ty : HRXRXRKl x REO x R — R x R x RE1 x RFo
m=1
T3<{9£, 95, M1,25 10,25 Sw}:ceX) = (Z 85595, Z 3:5057 Z SzTl,z, Z 3:6770,:c>
reX reX zeX TeX

Ty is fully (Hadamard) differentiable at any V = ({0%, 05 11 2,0 2, Sz fzex) € Hf\n/lzl R xR x
R x RE1 x REo tangentially to Hi\n/[:l R x R x RE1 x RFo x R with derivative

M
Tiv: [] RxRx R x RO xR — R x R x RFt x R0
m=1

Té,V({h£’ hf’ h771 T hno,xy hs,x}xEX)

= (Z th£ + hs,xeL(l')u Z thf + hs,er(x)y Z thm,x + hs,xnl,xy Z Sschno,:c + hs7x7707x>

zeX zeX TeX TeEX

Proof. The inner product

M
IP:RM xRM LR, IP(ri,m) = (ri,ma) = > ry™ry™

m=1

is fully Hadamard differentiable at any (r1,72) € RM x RM tangentially to RM x RM with derivative

IP, . R xRY 5 R,
M
TP, oy (h1,h) = (r1 ho) + (ko) = Y ™ E™ 4 A
m=1
Apply lemma F.5 to obtain the result. O
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C.5 Optimization over ¢ € [0F,0]: T, (0%, 0%, n) = (v*,+7)

Lemma C.15. Let g%, ¢ : R x R x RE1 x RK0 — R be as defined in assumption 3:

gL(eLveHanlaUO) = inf g(t77717770)a gH(0L>9H77717770) = Ssup g(tanl»UO)
te[oL,0H] te[oL,0H)

Define
Ty:RxRxREL x REO s R R
T4(9L79H,7717770) = (gL(HLa0H77717770)79H(9L70Ha7717770))

Under assumption 3, g* and g™ are continuously differentiable at (6,09 n1,m0) = T3(To(T1(P)))
with gradients

Vgt = Vgh (0", 0", n1,m9) € RFF1Ho] Vgl = vt (0r, 0% 1, o) € RFFK1HEo

Therefore Ty is fully Hadamard differentiable at (6%, 0 0y, no) tangentially to R x R x RE1 x RXo,
with derivative

Téi,Tg(Tz(Tl(p))) RxRxREI x RE0 s R xR

Tﬁi,Tg(TQ(Tl(P))) (hL7 hH? hm ) hno)
= (<V9L7 (hL> hH> hma hn0>> ) <ng, (hL7 th h7717h710)>)

Proof. Assumption 3 (iii) is that g and g” are continuously differentiable. The result follows. [

Remark C.1. This remark discusses the derivatives of g” and g”. In particular, note that even if
arg mine oz gm g(t,n) is within (6L, 01, the derivative of g* and g/ are unlikely to be zero because
the derivatives with respect to n will not be zero.

Consider g (9%, 01 n) = supyepor o (¢, m). The maximization problem has Lagrangian

‘C(ta >‘7 eLa GHa 77) = g(ta 77) + )‘L(t - HL) + )‘H(QH - t)

where A = (A\F,A\) are Lagrange multipliers. Let gy(t,n) = %(t, n). Suppose there is unique
solution (6*, \*). The necessary KKT conditions imply that

99(9*777) + )\L* . )\H* -0

0* — 0 >0 wee. if \* >0

07" — 0% >0 we. if \F* >0

AL* )\H* >0
Notice that at most one of either §* = 6% or #* = 6 is true. If " = 6%, then AX > 0 and

M =0, and the first KKT implies —gp(0",n) = A, Similarly, if 8* = 6% is true then \* = 0 and
g0(6",m) = A"
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Now use assumption 3 (iii) to apply the envelope theorem, finding that
Vg (o8, 05 )T = (889% (0%, 3%, 0%, 67 ) 8897%(9*,)\*’9L’9H’77) %(0*7)\*’9L’9H’77>)
= (=AL* Mg (0%, 1))
oH ‘R x R x R+ 4 R given by

The linearization of g* at (#*,0",7) is the function g(

9L 05 )

90(0*, mhr + g,(0%,m)Thy  if 6* = OF
g(léL,GHﬂ?)(hLahHahn) = VQL(HLyeHa’r/)Th = 99(9*777)hH +g77(9*777)Th71 if 6% = eH

(0%, 7)) if 0* € (-, 0M)
hr
= (90(6*,m)1{6* = 0"} go(0%,m)1{0" = 0"} g, (6", )T) | hrr
h"?

where g,(t,n) = 877 2(t,n). In particular, notice that the first order condition gg(6*,n) = 0, which
holds true when 6* € (0,1), does not imply this linearization is the zero map, as long as g,(6*,7)
is not zero.

C.6 The map T(P) = (v*,~"), consistency, and weak convergence

Lemma C.16. Let Ty, T, T3, and Ty be as defined in lemmas C.7, C.13, C.14, and C.15 respec-
tively. Let

({pﬂxapouaﬁl,z,ﬁovm,,§x} X) :Tl
({9337 x 7771 z7770x78x}1,ex) — T2 T ]Pn
(68,07 ) = T5(To(T1(Py))),
(34%) = TP

be the empirical analogue estimators. If assumptions 1, 2, and 3 hold, then each of these estimators
are consistent.

Proof. Lemmas C.7, C.13, C.14, and C.15 show that Ty, T, T3, and T, are Hadamard (direction-
ally) differentiable at P, T1(P), T2(T1(P)), and T3(T2(71(P))) respectively, tangentially to sets
that include zero. It follows that these functions are continuous at P, T1(P), T2(T1(P)), and
T3(To(T1(P))) respectively.'® Lemma C.5 implies that P, 2 P in £°(F), so it follows from the

5For normed spaces D, E, ¢ : Dy C D — E is continuous at § € Dy if and only if for every sequence {6,}52, C
Dy \ {0} with 8, — 6, ||#(0r) — @(0)|le — 0. For such a sequence {0, }721, let t,, = ||6n — 9”111)/2 and notice that ¢, | 0,

hy = %2=% — 0 € Doy, and 0 + tnhn = 0, € Dy for all n. The definition of Hadamard directional differentiability

then implies ||¢(0 + tnhn) — ¢(0) — tndy(h)||e — 0, while the reverse traingle inequality implies

160 + tnhn) = $(0) = tadh(h)lls = [[6(0 + tnhn) — $(O)llz — tullga(R)le] = |60 + tnhn) = G(O)lle — tnll$b(h) ||z
= 0 < [[9(0 + tnhn) — $(0) [ < [|6(0 + tnhn) — (0) — tnda(h)l|e + tnlldo(h)[|le — O

showing continuity at 6.

80



continuous mapping theorem that

Ty (P,) 5 T1(P)
To(Ti(P,)) 2 To(T1(P))
T3(To(T1(Py))) = T5(To(T1(P)))
Ty(T3(To(T1 (Py)))) = Tu(T3(To(T1(P))))

In other words, the estimates are all consistent in their respective spaces. ]

Lemma C.17 (T is Hadamard directionally differentiable). Let D¢ be defined by (59), and
T :Dc — R?, T(G) = Ty(T5(Tx(T1(G))))

If assumptions 1, 2, 8 holds, then T is Hadamard directionally differentiable at P tangentially to
C(F, Ly p) with derivative given by

Tp : C(F, Ly p) — R?, Tp(G) = Ty 1oy () (Ta.mo (i (py) Loy () (T1,p(G))))

If assumption 4 also holds, then T is fully Hadamard differentiable at P tangentially to the support
of G as defined in lemma C.5.

Proof. Lemma C.7 shows that T} is fully Hadamard differentiable at any point in D¢ tangentially
to £°(F). Lemma C.13 shows that under assumptions 1, 2, and 3, T is Hadamard directionally
differentiable at 77 (P) tangentially to

M
Dran = | [ C(Fram: L2.p) % C(Fozms Lo.p) x RFT x RO x R

m=1

Lemma C.8 implies that if H € C(F, Lo p), then T p(H) € Drgy,. It follows from the chain rule
(lemma F.4) that T5 o T} is Hadamard directionally differentiable at P tangentially to C (F,Lap).
Lemma C.14 shows T3 is fully differentiable at any point in its domain tangentially to the entire
relevant space, and lemma C.15 shows Ty is fully differentiable at T5(7%(71(P))) tangentially to the
entire relevant space. The chain rule thus implies the first claim: under assumptions 1, 2, and 3,
T =Tyo0T30T, 0Ty is Hadamard directionally differentiable at P tangentially to C(F, Lo p) with
the claimed derivative.

If assumption 4 also holds, lemma C.13 implies that 75 is fully differentiable at T (P) tan-
gentially to Dryy pui. Lemma C.9 shows the support of T 1’ p(G) is contained within Dygp pui-
It follows that Th(-) = T} TB(T2(T1(P)))(T57T2(T1(P))(T2’ 7(P) (T1 p(*)))) is linear on the support of G,
and hence Fang & Santos (2019) proposition 2.1 implies T is fully Hadamard differentiable at P
tangentially to the support of G. O

Lemma 5.1. Suppose that
(i) assumption 2 (i) holds, with cost function c(y1,y0) that is continuously differentiable, and

(ii) for each (d,x), the support of Py is Vaz, which is a bounded interval.
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Then assumption 4 holds.

Proof. Note that both cr(y1,v0) = ¢(y1,%0) and cg(y1,y0) = —c(y1,y0) are continuously differen-
tiable. Moreover, since the support of Py, is Vg, which is a bounded interval, the support can be
written as [yix,y}j’x]. So for any x € & and either ¢ € {cr,cy}, lemma B.3 shows that for any
(¢1,91), (p2,v2) € Ve(Pyjy, Pos), there exists s € R such that for all (y1,y0) € V1.2 X Vo

e1(y1) — p2(y1) = s, V1(yo) — ¥2(yo) = —s
and thus
Ly, , X o1 =1y, , X (p2+s), P-as. and Tyy, X1 =1y, , X (2 —s5), P-as..
Therefore assumption 4 holds. ]

Theorem 5.2. Suppose assumptions 1, 2, and 8 hold, and let G be the weak limit of \/n(P, — P)
in £°(F). Then T is Hadamard directionally differentiable at P tangentially to the support of G,
and

Vi7", 41 = (vF, 1)) = Va(T(P,) — T(P)) 5 Th(G)

If assumption 4 also holds, then T}, is linear on the support of G and TpH(G) is bivariate normal.

Proof. The result is an application of the functional delta method (see Fang & Santos (2019)
theorem 2.1) and lemma C.17.

Indeed, £°°(F) and R? are Banach spaces, and under assumptions 1, 2, and 3 lemma C.17 shows
T is Hadamard directionally differentiable at P tangentially to C(F, Ly p). Lemma C.5 shows that

Vn(P, — P) L Gin 0>°(F), where G is tight and supported in C(F, Ly p). Fang & Santos (2019)

theorem 2.1 gives the result that /n(T(P,) — T'(P)) E Tp(G).

If assumption 4 holds as well as assumptions 1, 2, and 3, then lemma C.17 shows that T is fully
differentiable on the support of G. Since G is Gaussian and 7' is continuous and linear on the
support of G, ThH(G) € R? is Gaussian. O
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D Appendix: inference

D.1 Bootstrap

Lemma D.1. Suppose assumptions 1, 2, and 3 are satisfied. Let P} be given by definition 5.1 or
5.2. Then Fang & Santos (2019) assumption 3 is satisfied:

(1) P is a function of {Y;, D;, Z;, X;, Wi}, with {W;}"_, independent of {Y;, D;, Z;, X;}7' ;.
(i) B}, satisfies supsepp, |[E[f (WP}, — Pn)) [ {Yi, Di, Zi, Xi}iiy] — E[f(G)]] = 0p(1).
(iit) /n(P} —Py,) is asymptotically measurable (jointly in {Y;, Dy, Z;, X;, Wi}, ).

() f(/n(P},—Py) is a measurable function of {W;}I'_ outer almost surely in {{Y;, D;, Z;, X;}I' 4
for any continuous and bounded real-valued f.

Proof. Note that assumption 3(i) is satisfied by construction. van der Vaart & Wellner (1997)
example 3.6.9, 3.6.10, and theorem 3.6.13 implies assumpion 3(ii) holds:
P*

sup |E [f(vVn(P;, — ) | {Yi, Dy, Zi, Xi ¥y ] — E[f(G)]] = 0

and further that
E [f(Vn(P), = Pn))*] — E [f(Vn(P), = Py)).] = 0p(1)

for any f € BLj, where f(v/n(P; —P,))* and f(y/n(P; —P,)). denote the minimal measurable
majorant and maximal measurable minorant of f(y/n(P} — P,)), respectively. Note that for any
continuous and bounded f, f(v/n(P; — P,)) is continuous in {W;}? , and is hence measurable
satisfying Fang & Santos (2019) assumption 3(iv). Fang & Santos (2019) lemma S.3.9 then implies
assumption 3(iii) is satisfied as well. O

Theorem 5.3. Suppose assumptions 1, 2, 3, and 4 hold, and let PP}, be given by definition 5.1 or
5.2. Then conditional on {Y;, D;, Z;, X;}7 4,
Va(T(B;) = T(Pa)) 5 Th(G)

in outer probability.

Proof. By application of Fang & Santos (2019) theorem 3.1. There are three numbered assumptions:

1. Fang & Santos (2019) assumption 1 is satisfied; £>°(F) and R? are indeed Banach spaces, and
lemma C.17 shows that under this paper’s assumptions 1, 2, and 3, the map T is Hadamard
directionally differentiable at P tangentially to C(F, Lo p).

2. Fang & Santos (2019) assumption 2 is satisfied; lemma C.5 shows that \/n(P, — P) 5 Gin
(>°(F), where G is tight and supported in C(F, La p).

3. Lemma D.1 shows that Fang & Santos (2019) assumption 3 is satisfied.
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Finally, note that G is Gaussian and mean zero; it follows that its support is a vector subspace
of £>°(F). Thus Fang & Santos (2019) theorem 3.1 implies T is (fully) Hadamard differentiable
tangentially to the support of G if and only if

Sup |E[f (Vn(T(Py) = T(Py)) | {Yi, Di, Ziy XiYiea] — E [f(Tp(G))]] = 0p(1)

Since lemma C.17 shows that under assumptions 1, 2, 3, and 4, T is fully Hadamard differentiable
tangentially to the support of G, this completes the proof. O

D.2 Alternative procedure

Lemma D.2. Let assumptions 1, 2, and 3 hold, and {k,}5°; C R satisfy kn, — 00 and k,/v/n — 0.
For c e {cp,cu}, let

‘llC(P1|za P0|£E) = arginax P1|:Jc(90) + P0|z(w)
((p,z/l)eqi'cﬂ(]:cx]:g)

Ve, = {(wﬂ) € O N (Fo x FE) 5 OTe(Pryy, Pope) < Prip(0) + Pope(¥) + 3%}

— .
and OTCI,(PMI,PW)’ OT., : C(Fiu, Lap) x C(Foz, L2.p) — R, be given by

OTC/v(Pl |x’PO\ac)(H17 HO) = Sup Hl (90) + HO(¢)
' (‘p’w)quC(PHm’PO\x)

—
OT.,(Hi,Ho) = sup  Hi(yp)+ Ho(v)
(P )€V o

Then for any (Hy, Ho) € C(F1,z, La,p) X C(Foz, Lo, p),

—
OT,o(Hy, Ho) = OT, p, | p,.(H1, Ho) 20

Proof. The proof is similar that of Fang & Santos (2019) lemma S.4.8. As the subscript x plays no
role, we drop it from the notation.
In steps:

1. We first esteablish an inequality used several times below. Note that for any (3, ), (¢, ) €
O, N (Fe x FE),

| Py — Pil|7 + | Po — Pollm, > Pi(p) — Pi(p) + Po(v) — Po(v)
|1P1 — Pil|7 + |1Po — Pollr, > Pi(@) — Pr(@) + Po(sh) — Bo(¥)

Add these to obtain
2 (1P = Pill7 + 120 = Poll s,
> Pi(g) - Pi(9) + Bo(w) — Polw) + Pu(§) — Pi(3) + Po(®) — Po(),  (70)
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2. We next show

n—o0

lim P (\I/(PI,PO) c \Tl) =1 (71)
Let (p,1) € ¥(Py, Py), and rearrange (70) to find

2 <||151 — Pil|z + 1P — Po||fo)
> Pi(p) + Po(v) — Pi(@) — P() + Pi(@) + Po(¥) — Pily) — Po(¥)

>0
> Pi(p) + Po(v) — Pu(@) — P()
and therefore
s Pulp)+ Bo(w) < Pu(@) + PW) +2 (IP = Pillm + 1P — Pl
() €D N(Fe X FE)

holds for any (p,19) € U.(Py, Py). It follows that 2 (HPI — Pyl + 1B —POH;O) <
implies (¢, 1)) € U, and hence

n ~ ~ ~
P (2\[ (HP1 — Pill7 + (1R — POH.FO) < 1) <P (‘I’(PLPO) S ‘I’c)

Lemma C.16 implies le — Pi|7 + ||]50 — Bl 7 20, Since ‘;—f — 0, this implies that
2% (HPI —Pill5 + B - PoH%) = 0p(1) and therefore

1m1(wajmgﬁgznmp<w%0mrfwﬂ+wy4wﬁ)<gz1
n—oo n—o0 Kn
as was to be shown.

. We next show that for any § > 0,

lim P (\Tf c (\Il(Pl,Po))‘s) =1 (72)

n—0o0

where (¥(P;, Py))° is an open é-enlargement of ¥(P;, Py) under Lo; i.e.
U(PLP)) =4 (fg); inf  La((9,9),(f.9)) < 5}
) ={(Ga)s | int a0 (0.)

Toward this end, note that

n= sup {Pi(¢) + Po()} — sup {Pi(p) + Po()}

>0
(0, h)€PN(Fex FE) (o) EPN(Fex FEO\(¥(Py,Pp))?

n > 0 follows from compactness of &, N (F. x F¢) and continuity of P; + Py with respect to
Lo (see the proof of lemma B.2).
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Rearrange (70) to find

Pi() + Po(9) - Pil) — Po(s)
<2 (1P = Pillm + 12 = Pollm ) + Pi(@) + Bo($) = Pi(e) — Po(a)

Take suprema over (¢,v) € ®. N (F, x F¢) to find

_sup Pi(@) + Po(v) — Pi(p) — Po(v)
(@)@ N(Fe X FE)
<2(I1B - Pills, + 1B - Rollm) + s Pi(@)+ Bo(@) - Pi(e) - Po(w)

(P,9) €PN (Fe X FE)

A

Suppose there exists (¢, 1) € PN(Fex FE\(V (P, Py))° such that SUD (5 ) ebor(Fox Fe) Pi(o)+
Py(1) < Pr(p) + Po(¥) + == For any such (p,¢), (73) implies

~ 7 > D Hn

s Pi@)+ R(D) — Pily) - Ro(w) <2 (1P = Pl + 1P - Rollg, ) +

(B:5)een(Fex Fe) v

from which it follows that
N N Fn
2(I12 = Pl + 1P = Rl ) +
> sup Pu(@) + Po(h) — sup {Pi(ep) + Po(¥)}
() EPN(Fex FE) () €RN(Fex FEN(U(P1,Po))°

="

N

To summarize: if there exists (¢, 1) € ®N(Fox F)\(¥(P1, Py))° such that SUD (5 ) e, (F x F<) Pi(@)+

Po(d) < Pi() + Po(¥) + Z, then 2 <||p1 = Pl + |1 — PUHFO) + Z& > 7, from which it
follows that

P (Vg (¥(P, R)’)

~

N A~ ~ K
:p( Csw P@) + Po) < Pile) + Po() + -
(@) e@N(Fe X FE) v

for some (p, ) € ®.N (Fe X Fo)\ (‘I’(PbPO))(s)

~ ~ K
<P (2(IA - Pills + 1= Rols) + 5 ) >0

where the final limit claim follows from n > 0, k,,/\/n — 0, and ||]51 — P57 + Hf’o —Pllm =

op(1).

. (71) and (72) imply that for any § > 0, P <\IIC(P1,P0) C \Tlc C \IIC(Pl,PO)5> — 1. It follows

that there exists a sequence {0, }2° ; C R4 with d,, | 0 such that P <\I/(P1, Py) C T, C U (P, P0)5“> —
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1. Notice that when U(Py, Py) C W, C U(P;, Py) holds,

—
OT.,(H1, Ho) — OT; p, p,)(H1, Ho)

< sup {Hi(p) + Ho(y)} — sup {H1(p) + Ho(¢)}
(@,w)E\I’C(Pl,PQ)‘S" ﬁ@cﬁ(fc ><.7:cc) (4p,1/1)€\IIC(P1,P0)

< sup {H1(p1) + Ho(1) — Hi(p2) — Ho(vo)}
(p1,91),(p2,12) ERN(Fex FE); La((p1,91):(p2,%2))<dn

= Op(l)

where the o,(1) claim follows from H; + Hy being continuous and ®. N (F. x F¢) being
compact, implying Hy + Hj is in fact uniformly continuous.

This concludes the proof. ]

Theorem 5.4. Suppose assumptions 1, 2, and 3 hold, let P}, be given by definition 5.1 or 5.2, and
{£n}52 1 C R satisfy kp, — 00 and kyp/v/n — 0. Then conditional on {Y;, D, Z;, X;}7 4,

DaDsTy 1, () (V(T1(BL) — Ty(Pn))) 5 Th(G)

in outer probability.

Proof. The overall strategy is to apply Fang & Santos (2019) theorem 3.2, viewing T} (P,) as the
estimator for 71 (P), T1(P}) as the bootstrap, and T_; = TyoT50T5 as the directionally differentiable
function. There are four assumption to verify.

1. To see that Fang & Santos (2019) assumption 1 holds,

(i) the map

M
TyoTs0T,: H (0 (Frz) x £°(Foz) x RET x RE0 x R — R?

m=1

is a map between Banach spaces

(ii) by lemmas C.13, C.14, C.15 and the chain rule (lemma F.4), T_; = Ty o T3 0 Th is
Hadamard directionally differentiable at T} (P) tangentially to

M
Dran = [[ C(Fram: L2,p) X C(Foz,, La,p) x RF x RO x R

m=1
2. To see that the estimator T3 (P,,) satisfies Fang & Santos (2019) assumption 2, note that

(i) Ti(P) € [TM_, €°(Fi2) X £2°(Foz) x RET x R0 x R and lemma C.9 shows

M
Ty(Pn) : {Yi, Dy, Zi, Xi}iey — [ €°(Fre) x £°(For) x REU x RFO x R

m=1

satisfies \/7(T1(B,) — T1(P)) % T} p(G).
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(ii) 77 p(G) is tight because G is tight and 77 p is continuous. Lemma C.9 also shows the
support of T p(G) is included in Drgy,.

3. The bootstrap 11 (PP}) satisfies Fang & Santos (2019) assumption 3:

(1) T1 (IP):;) is a function of {Y;, DZ', Zi, Xl', Wi}?:l with {WZ}?:l independent of {Y;, DZ', Zi, X’L}?:l
(ii) T3 is fully Hadamard differentiable at P tangentially to °°(F), and hence the functional

delta method implies /n (11 (P,)—T1(P)) L T| p(G). Lemma D.1 shows that P}, satisfies
Fang & Santos (2019) assumption 3, and thus Fang & Santos (2019) theorem 3.1 implies

Sup |E [f(Vn(Ti(By,) = Ta(Pn))) | {Yi, Di, Ziy XiYiey] — E[f(T7 p(G))]] = 0p(1)

(iii) Condition (iv) below holds, and hence Fang & Santos (2019) lemma S.3.9 implies
Vn(Ti(P) — T1(P,,)) is asymptotically measurable.

(iv) Note that for any continuous and bounded function f, f(v/n(Ti(P}) — T1(P,))) is con-
tinuous in {W;}? ; and hence is a measurable function of {W;} ;.

4. Fang & Santos (2019) assumption 4 is about the estimator of the derivative.
Notice that Til,Tl(P) = Tli,Tg(Tg(Tl(P))) o Té,TQ(Tl(P)) o Té,Tl(P) is given by
Til,Tl(P) : Dran — RQ: Til,Tl(P)(h) = D4D3T£,T1(P)(h)
Estimate this derivative with

f/_LTl(P) . DTan — R2, b4ﬁ3f2/,Tl(P) (h)

The estimator 7" LT1(P) satisfies the conditions of Fang & Santos (2019) lemma S.3.6, and
therefore Fang & Santos (2019) assumption 4. These conditions are

o~ ~

(a) Modulus of continuity: ||T’_17T1(P)(h1) — T/—1,T1(P)(h2)H < Cy|lh1 — he|| for some C),, =
Op(1)-

(b) Pointwise consistency: for any h, ||f_17T1(p)(h) —T_1 7y p)(M)] = 0p(1).
To see these claims in detail:
(a) For any matrix A, let ||Allo = supg,|z,=1/l4z[|2 be the operator norm.
1771 ey (1) = T2y 1y oy (h2) | = 1D4D5T g, () () = DaD3T5 gy (o)
< DaDsllol| T3 1,y (1) = T3 1y (o)
< || D4Ds]|[|[[h1 — o]

where the last claim follows because @’ T is 1-Lipschitz (shown below). Next notice
s l(P)

Dy % Dy and D3y % D3 by the CMT, which implies | DyDs|| = O,(1) as required.
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To see that le,Tl( p) is 1-Lipschitz, recall

T\éjl(p) ({Hl,xa HD,a:; hm,xv hno,:r:a hs,x}ze)()
— —/
= <{OTCL733(H1,£B7 HO,z)a _OTCHJ;(HLM HO,;B)y hm,z; hno,.m h&x}:peé\?)

The maps 6?%@,, —ﬁ’cH,x are 1-Lipschitz. Specifically, note that

/

— —/
|OTCL,x(H1,m;HO,x) -oT (Gl,mGO,x)’

cr,T

sup  {Hi.(p) + Hoz(¥)} —  sup {G1,z(<P)+Go,m(¢)}'

(‘Pud))g\i}c,x ((,0,7,[1)6‘/1\/@,3;
< sup [Hig(p) — Gia(e)|+ sup [Hoz(¥) — Goa(¥)]
PEF 2 YeEFo0,x

= H1z — Gizllm . + |Hoz — Gozll7.

and similarly, —ﬁcH’x is 1-Lipschitz. The other maps in fQ’Tl( p) are the identity map,
which is also 1-Lipschitz. It follows that fQ’Tl (p) is 1-Lipschitz.16
(b) To show pointwise consistency, fix h = ({H1,2, Hoz, 2 ho 2z, Ps .o foex) and note that

1Ty 7y (B) = To1 1y (pyll = |1D4DsTy 7y (py(h) — DaDsTy qy (py (h) |
< (DaD3 = DyD3)T; 1, (py ()| + || DaD3(To 1y (py (h) — To.1y (py (1)
< || DaDs — DaDslo|| Ty 1, (py ()| + | DaDsllol To 1y (py (B) — To,zy (py ()

Since DyDs & DyDs by the CMT, it suffices to show

Hf2,T1(P)<h) — Ty (py(R)|| = 0p(1)

L

The only nonzero coordinates correspond to 6Tc Ll

—H/
H1,$7HO,I) and —OT (Hl,a:aHO,z):

CH,X
HT\Z,Tl(P)(h) — Ty (py(D)])?
— 2
= (OTCL@(HI,QC; HO,Z‘) - OTéL:(Pl\mPom)(Hl@’ HO,ac))

— 2
+ (OTCH,x(Hl»Z’ HO,JE) - OT, (P1|I,P0‘z)(H1,fﬂ? HO,ZE))

CH,

— 0p(1) + 0p(1)

where the last 0,(1) claim follows from lemma D.2.

%For k = 1,2, let Dy, Ex be metric spaces. If fi, : D — Ei be Lipschitz with constants Ly, then f : Dy x Dy —
E; x Eg given by f(x1,z2) = (f1(z1), f2(x2)) is Lipschitz with constant max{L1, L2}. To see this, recall D; x Dy and
E1 x E2 are metricized with the norms [|(z1,z2)|p,xp, = (|71, + [[22]lp, and [|(y1, y2)lle, e, = lly1lle, + lly2lle,,
and note that
(@1, m2) = f(2h, 25) e xms = [|(f1(21), fa@2)) — (fr(@h), fa(2d)) ey xmy = [ f1(21) = fr(2) ey + [ f2(22) — fo(22) |8,

< Lillz — @b, + La||z2 — 2|lp, < max{L1, L2}« — @'[lp, + max{L1, La}||lz2 — 22|p,

=max{L1, Lo} X ||(z1,z2) — (21, 25)|[p, xD,
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We conclude through Fang & Santos (2019) lemma S.3.6 that Fang & Santos (2019) assump-
tion 4 is satisfied.

Finally, apply Fang & Santos (2019) theorem 3.2 to find that

sup | E [ F(DaDsT 2, (p)(VA(Ty(P}) = Ti(Ba)))| = B [f(TH(G))] | = 0p(1)

feBLy

as was to be shown. O
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E Appendix: duality in optimal transport

This appendix contains terminology, notation, and results regarding optimal transport used in this
paper. Most of these results can be found in the monographs Villani (2003), Villani (2009), or
Santambrogio (2015).

E.1 Primal and dual problems

Let )1, Yo be Polish subsets of R, equipped with their Borel sigma algebras. Let P());) be the set
of probability distributions defined on Yy, and P; € P();). Let P(Y1 x Vo) be the set of probability
distributions on the product space Y; x ).

A probability measure m € P(); x )p) has marginals P; and P if

For all A C Y} measurable, m(A x )y) = P1(A) = / 14(y1)dPy(y1) (74)

For all B C )y measurable, 7T(yl X B) = PO(B) = / ﬂB(yo)dP()(yo) (75)
The collection of such joint distributions with marginals P; and Fy is denoted
II(Py, Py) = {m € P(Qh x o) ; w satisfies (74) and (75)} (76)

The cost function is a measurable function ¢ : Y1 x Yy — R. The functional I : P()1 x Vo) —

R U {+0o0} is defined as
I[x] :/C(yl,yo)dﬁ(ylayo) (77)

The optimal cost OT,(Py, Pp) is the infimum of I.[x] over II( P, P):

OT.(P,,P)) = inf Llr]= inf yo)dr (v, 78
(PR = it K= int [ el oo, ) (78)

This minimization problem in (78) is known as optimal transport. When attained, a solution
to (78) is called an optimal transference plan or optimal coupling. Attainment is common;

Villani (2009) theorem 4.1 implies:

Lemma E.1 (Optimal transport is attained). Let ¢ : Y1 x Yy — R be lower semicontinuous and
bounded from below. Then there exists m* € II(Py, Py) such that

B 0] = it el wn)dn(on, )
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The dual problem will require some additional notation. For any probability measure P let

L'(P) denote the P-integrable functions. Define

®. = {(p,0) € L'(P1) x LY(Py) ; o(y1) +1(yo) < c(y1,%0)} (79)

and J : L'(P)) x LY(Py) — R by

He) = [ etmarin) + [ wlw)rw) (50)
Y1 Yo
The dual problem of optimal transport is

sup  J(p,¥) = sup /sO(yl)dPl(yl)+/¢(yo)dPo(yo) (81)

(ph)EPe (pp)ePe

E.2 Duality

For any topological space Z, let C,(Z) denotes the set of functions f : Z — R that are continuous

and bounded, and

D.NCy = {(p, %) € Co(I1) x Co(Io) 5 ¢(y1) + ¥ (o) < c(y1,0)} (82)

The following weak duality statement is Villani (2003) proposition 1.5.

Lemma E.2 (Weak duality).

sup  J(p, ) < sup J(p, ) < inf  L[n]
(va"w/))eq)cmcb (GDJP)E(I’C WeH(Pl’PO)

The following strong duality statement can be directly inferred from Villani (2009) theorem

5.10, or Santambrogio (2015) theorem 1.42, and so is presented without proof.

Theorem E.3 (Strong duality). Let ¢ : Y1 x Vo — R be lower semi-continuous and bounded from
below. Then

inf L[] = sup J(p,¥)= sup J(p,¥) (83)
well(P1,Po) RIS (,)€PNCy

Moreover, the infimum of the left-hand side of (83) is attained.
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E.3 c-concave functions

For any function ¢ : }1 — R and cost function c(y1,yp), define the c-transform of ¢ as the

function ¢°: Yy — R given by

©°(yo) = inf {e(y1,90) — w(y1)}-
Y1EV1

Similarly, ¢¥“(y1) = infy ey, {c(y1,y0) — ¥ (yo)} is the c-transform of ). ¢ is called c-concave if

0% = ()¢ = p. If v is c-concave, then (¢, ¢°) is called a c-concave conjugate pair.

The following lemma E.4 is exercise 2.35 found in Villani (2003) and presented without proof.

Lemma E.4 (Villani (2003) exercise 2.35). Let Y1 and Yy be nonempty sets and ¢ : Y1 x Yo — R
be an arbitrary function. Let ¢ : Y1 — R. Then

(i) ©(y1) + ¢“(yo) < c(y1,y0) for all (y1,y0) € Y1 x Vo
(it) ©““(y1) > @(y1) for all y1 € Vi, and

(i) ©*“(yo) = ¢“(yo) for all yo € Vo

It follows that °“ = ¢ if and only if ¢ is c-concave.

For H C{(f,9); f: 1 = R, and g : Yy — R}, let

FH) = {00 R 30 € H st o) = inf ()~ S} | (59)

Ful) = {10 31 5 R 3¢ € FECH) st o) = i, {clnoim) — 0} |

F.(H) is called the c-concave functions generated by H, and FS(H) the c-conjugates gen-
erated by H.!” Notice that not every (p,1) € F.(H) x F¢(H) is a c-concave conjugate pair.

Lemma E.5 (Restricting the dual to c-concave functions). Let ®.; C ®. be such that
1. strong duality holds: inf cry(p, py) Ie[7] = sup ypyca,, J (¥, ¢), and
2. the c-concave functions generated by ®.s are integrable: Fo(®es) X F&(Pes) C LY(P1) x LY (Py)

then

dnf o L[r] = sup J(p,¢%) = sup J(p, ).
well(Pr,Po) PEFe(Pes) (%w)ecpcm(]—‘C(q:ocs)xfcc(tbcs))

'"H is a typically a subset of L' (P1) x L*(Py). As defined the sets F.(H) and F<(H) only depend on the functions

in H that map )p to R. This notational choice is more natural with the reasoning of lemma E.5 below.
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Proof. Let (o,9) € ®es. ¥(yo) < c(y1,y0) — ©(y1) implies ¥ (yo) < ¢°(yo), and lemma E.4 shows
both that ¢(y1) < ¢°(y1) and the pair (¢, ¢) is a c-concave conjugate pair; thus (¢, ¢°) €
B N (Fo®es) % FE(s)).

Since ¢°“ and @€ are integrable by assumption, J(¢, ) < J(p“, ¢¢) and hence

inf  ILfr]= sup J(p, ) < sup  J(p“¢°) < sup J(p,v)
mell(P1,P) () EDes PCEFc(Des) (P P)EPN(Fe(Pes) X FE(Pes))

Finally, since ®, N (Fe(Pes) X FS(Pes)) C P, it follows that

sup  J(p,¢°) < sup J(p,p)= inf I.[m
PEFe(Pes) ( ) (p))€Pe ) mell(Py,Fo) ot
with the final equality following from strong duality. O

Lemma E.6 (Continuous cost function implies measurability of c-concave functions). If ¢ : Y; X

Yo — R is continuous, then for any 1 : Yo = R, o(y1) = infy ey {c(yi, y0) — ¥ (v0)} and ¢°(yo) =
infy, ey {c(y1,90) — ¢(y1)} are upper semicontinuous and hence measurable.

Proof. The pointwise infimum of a family of upper semicontinuous functions is upper semicontinu-
ous (Aliprantis & Border (2006) Lemma 2.41). Since ¢(y1, o) is continuous, for any fixed yo € Vo
the function y; — c(y1,y0) — ¥(yo) is continuous and hence

@(y1) = inf {e(y1,90) — ¥(yo)}
Yo€Vo

is upper semicontinuous. Similarly, ¢°(yo) = infy, ey, {c(y1,%0) — @(y1)} is upper semicontinuous.
Being upper semicontinuous, ¢ and ¢ are measurable. O

Remark E.1. Compare lemma E.6 with Villani (2009) Remark 5.5 discussing measurability of c-
concave functions. Note that continuity of ¢ is sufficient but not necessary for measurability of
c-concave functions; see section E.3.2 for counterexamples.

Lemma E.7 (Universal bound on the the dual problem feasible set). Suppose ¢ : V1 x Vo — R is
bounded, and let c, = inf(y, yoyev, xvo (Y1, Y0), CH = SUD(y, yo)eys x o C(Y15 Y0)-

1. For any bounded functions ¢ : Y1 = R and ¥ : Yoy — R, ©¢ and ¥° are bounded.
2. For any bounded, measurable c-conjugate pair (v, p) there exists ¢ such that
(i) @ and ¢¢ satisfy the bounds:
cr < @(y1) < cm cL —cg < ¢°(yo) <0

for all (y1,y0) € Y1 x Vo.
(ii) J(p,¢%) = J(p, §°).
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Proof. For claim 1, let ¢ be bounded and note that

cp —supp < yig} {e(y1,90) —(y1)} < cy —supyp (85)
1 1

<

=¢°(yo)

are finite bounds on ¢°. The upper bound on ¢° follows from the existence of a sequence {y; };’il

with ¢(y15) = supy, ey, @(y1), because ¢°(yo) = infy, ey, {c(y1,90) —w(y1)} < c(yy, 90) — (y15) <
cu — (y1;) for all j. The same argument shows ¢ is bounded, specifically,

cp —supt < ygrelg}o{C(yh Yo) — ¥ (yo)} < ca —supy (86)

J/

=¢°(y1)

For claim 2, let (¢, ¢¢) be a c-conjugate pair, i.e. ¢(y1) = infy ey, {c(y1,y0) — ¢“(yo)}. Notice
that for any s € R,

(¢ +5)(yo) = ylirelg)l{C(yh Yo) — p(y1) — s} = ¢(yo) — s

(¢ +8)“(y0) = ygggo{C(y17 Yo) —¢“(y1) + s} = o(y1) + s

Define ¢(y1) = ¢(y1) — supg + cy, and notice that supp = cy. Thus (85) implies ¢, — cg <
?°(yo) < 0 for all yo € Vo, and so (86) implies c¢;, < @*(y1) = @(y1) < cy. Finally,

J(p¢F) = / ()P (1) + / o (40)dPo (o)
— / o) — sup + cudPy (1) + / (o) + sup @ — crrd Polyo)
— J(5.°)

which completes the proof. O

Remark E.2. Lemma E.7 shows that it is often without loss of generality to restrict the dual to
classes of functions sharing universal bounds. For an example, see lemma E.9 below.
Note that when ¢y, = 0, the bounds simplify to

0 <o(y) < llefloo, — llelloo < (50) <0

as in Villani (2003) Remark 1.13. Also note that, when any universal bound suffices, one can take
= llelloe < @(y1) < [leflco, = 2l[efloe < #(30) <0

which depend only on ¢/l = SUP(yl,yO)eylxyo|C(yl’ Yo)|-
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E.3.1 c-concave functions of smooth cost functions

For o € (0,1] and L > 0, ¢ : Y1 x Yy — R is called (o, L)-Holder continuous if

1

le(y1,y0) — e, v0)| < Ll (y1,90) — (1, %o)

for all (y1,90), (¥1,v5) € 1 X V-

Lemma E.8 (Holder cost implies Holder c-concave functions). Let ¢ : Y1 x Yy — R be (o, L)-Hélder
continuous. For any g : Vo — R,

¢(y1) = inf {c(y1,90) — 9(y0)}, ©°(yo) = inf {c(y1,90) — (y1)}
Yo€Vo y1E€EMN

are (a, L)-Hélder continuous.

Proof. Holder continuity implies ¢(y1,y0) < C(yﬂ’yo) + Lly, — y“a holds for any yo € Yy and any
y1,y; € V1. It follows that

elyr) = inf {c(, Y0) — 9(W0)} < c(y1.90) — 9(yo) < e(¥1,90) — 9(yo) + Llyr — v4[*
0 0

implying ¢(y1) — (¢(y1,90) — 9(y0)) < Llyr — y;|*. Therefore

o) —e(y1) = e(y1) — ygg,o{C(y’l, yo) — 9(yo)} < Lly1 — y1|*

holds for any yi,y} € V1. This implies ¢(y]) — ¢(v1) < L|y] — y1]%, hence ¢ is (a, L)-Holder. The
same argument implies ¢° is («, L)-Holder. O

Lemmas E.9, C.1, and C.10, are relevant for compact Vi, )Yy C R, and L-Lipscthiz ¢ : )y xVy —

R. Under these assumptions, define

Fe={e: 1 = R; —|lclloc < @(y1) < llcllos le(y1) —o(@i)| < Liyy — y1} (87)

Fe={¢: Yo = R; =2clls < 9(y0) <0, [¥(y0) — ¥ (%)l < Llyo — vol} (88)

Lemma E.9 (Strong duality for smooth cost functions). Let Y1,Yy C R be compact, ¢ : Y1 xYy — R
be L-Lipschitz, and F., F¢ be given by (87) and (88) respectively. Then strong duality holds:

inf I.[r] = sup J(p, 9
WEH(Pl,Po) [ ] ((p,w)eécﬂ(}—cX]‘—CC) ( )

Proof. First notice lemma E.8 implies F.(®.NCy) and FE(®.NCp) consist of L-Lipschitz functions. !

8Note that Fe(®:.NCy) and FS(P. NCp) are not necessarily F. and F¢ defined in the statement of the lemma.
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Since ¢ is continuous and Yy x Yy is compact, [|c|lc = SUpy, yoey, <3, [€(¥1,Y0)| < 0o. Continuity
implies these c-concave functions are measurable, and lemma E.7 shows they are bounded. Thus
Fe(®.NCp) x FE(P.NCy) C LY(P) x LY(Py), and so lemma E.5 implies

inf L= sup  J(p¢"
mell(P1,Pp) [] PEFc(®:NCh) ( )

Lemma E.7 and remark E.2 further shows that for every ¢ € F.(®.N (), a shifted function
¢ is such that sup,,cy, [9(v1)] < [lcfloo, —2llcl] < ¢°(yo) < 0, ¢ and @° are L-lipschitz, and
J(p, %) = J(p,¢%). Thus

sup  J(p,¢°) = sup J(p, ¢°)

QDE]:C(q)cﬂcb) weFe
Furthermore,
sup J(p, ) < sup J(p, ) < sup J(p, )= inf T[]
pEFC (p, ) €PN (Fe X FE) (p,p)ED, m€ll(P1,Po)
completes the proof. O

Remark E.3. Suppose YV, and ) are compact and ¢(y1,yo) is continuously differentiable on an
open set containing ); x Jy. Then c restricted to )y x )y is bounded and Lipschitz.

That ¢ : Y1 XYy — R is bounded follows from ¢ being continuous, ); x )y being compact, and the
extreme value theorem. To see that ¢ restricted to Yy x Yy is L-Lipschitz, let (y1,v0), (¥}, y)) € I X
Yo be arbitrary and note that the mean value theorem applied to g(t) = c(t(y1,yo) + (1 —t) (¥}, y)))
implies there exists s € (0,1) such that

(c(y1,90) — c(y1,90)) = 9(1) — g(0) = ¢'(s)
= (Ve(s(yr, y0) + (1= 9) (41, %)), (W1, 90) — (1, %0))

Notice that Cauchy-Schwarz then implies

le(yr,50) — ey, %0)| < [IVe(s(yr,yo) + (1 = )W, yo)) Il (y1, yo) — (1, o) |
< sup[IVe(yrvo)llll (v, vo) — (v, w0)
(y!w)eV1 xVo
Finally, notice L = sup(, ,mcy, xy, I Ve(is yg) || is finite because Y1 x Yy is compact and (y1, yo) —
IVe(yi, o) is continuous.

E.3.2 c-concave functions when c(y1,y0) = 1{(y1,%) € C}

Theorem E.10 (Strong duality with indicator costs). Let C' be a nonempty, open subset of Y1 X Vo,
and ¢ : Y1 x Yo — R given by c(y1,y0) = Lo(y1,%0) = 1{(y1,y0) € C}. Then

in / Lo(yr, yo)dn(ys, o) =  sup / L4 (y1)dPy () — / 15(y0)dv (o)

FEH(Pl,Po) (A,B)€q>£
where

={(A,B); A C ) is closed and nonempty, B C Yy is measurable, and 14(y1) — 1a(yo) < Lc(yi,yo)}
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Proof. Villani (2003) Theorem 1.27 implies

inf /]lc(yl,yo)dw(yl,yo) = sup /]lA(yl)dpl(yl)—/]lAC(?/O)dPO(?/O)
rell(P1,Py) A closed

where AY = {y € Vo ; Jy1 € A, (y1,90) & C} is the projection of (A x V) \ C onto Vy. Measura-
bility of A is guaranteed by the measurable projection theorem; see Crauel (2002) theorem 2.12.
It is clear that

sup / 1y (41)dPy (1) — / 1yc(yo)dPo(yo) < sup / 14(41)dPi (1) — / 15 (40) v (30)

A closed ACY1,BCYo

with A, B measurable. Notice it is without loss to exclude A = @, because J(1lg,—1p) < 0 =
J(1y,, 1y,) and Ly, (y1) — Ly,(yo) = 0 < Le(y1,yo0) for all (y1,40) € Y1 x Vo. Thus

sup /ﬂA(yl)dpl(yl)—/]IB(yo)dV(yo) = sup /ﬂA(yl)dpl(yl)—/]IB(yo)dV(yo)

ACY1,BCo (A,B)ed]

Weak duality (lemma E.2) implies

sup / La(y1) APy (y1) — / 15(y0)dPo(yo) < _inf / Loy, y0)dm (31, o)
(A,B)E¢’£ ﬂEH(P1,P0)

and the result follows. O
The strong duality result of theorem E.10 is especially useful when combined with a careful char-

acterization of the corresponding c-concave functions. To describe these, let A C )1 be nonempty,

and define

A ={yo€Vo; I € A, (yr,90) €C, AC={y1 €1 ; Vyo € Yo\ A, (y1,%) € C},

(89)
Com ={yo € Yo ; Yy1 € V1, (y1,%) € C}, Cim ={y1 € V1 ; Yyo € W, (y1,%) € C} (90)

Cim i Com=9 Com 1UCip=9
o = (91)

C(?m = )
o ifCoyn £ D o O£

Note that A® is well defined whenever A # @, and to ensure A®C is well defined we require
AC # Yy. Cop, is denoted as such because Ly, (o) = infy, ey, Lo(y1, o) is the subset of Yy found

by minimizing 1¢(y1,y0) over y; € .

Lemma E.11 (c-concave functions for indicator costs). Let C' be a nonempty, open subset of
Vi X Yo, ¢: V1 x Yo = R given by c(y1,y0) = Lo(y,40), A € V1 be closed and nonempty, and
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@(y1) = La(yr) = Wy € A}. Then
1. ¢%(yo) = —Lac(yo),
2. if AC # Yy, then p°(y1) = 1 4cc(y1), and
3. If AC =, then J(¢, %) = J(1¢y, ,0)

Proof. 1. Notice 1¢(y1,y0) — La(y1) € {—1,0,1}, and
©“(yo) = inf {Ic(y1,90) — Lalyr)}
Yy1E€EMN

will never take value 1 because any y; € A implies the objective is at most 0. Furthermore,
if there exists y1 € A such that (y1,y0) € C, then the infimum attains —1. If there does not
exist such y1, then ¢°(yo) = 0. Thus ¢(yo) = —L4c(yo)-

2. Suppose A® # ). Notice that 1¢(y1,v0) + 14c(yo) takes values in {0,1,2}, and

©“(y1) = inf {1c(y1,y0) + Lac(yo)}
YoENo

will never equal 2 because )y \ A® # @. Moreover, the infimum will equal 1 if and only if
(y1,0) € C for all yo € Vo \ AY; thus ¢(y1) = Lscc(y1).

3. If AC = Y), then ¢*(y1) = infy ey, {Lle(y1,90) + 1} = 1¢y,, (y1) + 1 and

cce (

©““(yo) = inf {lc(yr,y0) — Loy, (W) — 1} = 1oe (yo) — 1
Y1EV1 1im

To see that (1¢,,, )¢ = 0 if C1, # 9, notice the objective Lo (y1, yo) — Ley,, (Yo) takes values in
{-1,0,1}, and because C1,, # @ will never take value 1. For the objective to take value —1 at
a given vy, it must be the case that 1¢,,, (y1) = 1 and there exists yo such that 1c(y1,yo0) = 0,
but this contradicts the definition Ci,, = {y1 € V1 ; Yyo € Yo, (y1,%0) € C}.

ccc (

However, recall that ¢““(yo) = ¢°(y0) as shown in lemma E.4. Since ¢°(yo) = —14¢(v0) =
—1y,(yo) = —1, this implies (]100c )(y0) = 0. Then notice that

J(,¢%) = J(1ey,, +1,-1) = J(1¢y,,,0)

Remark E.4. Compare theorem E.10 and lemma E.11 with Villani (2003) theorem 1.27.

Lemma E.12 (Convex C' implies c-concave functions defined with convex sets). Let C be a
nonempty, open, convez subset of Y1 X Vo, and ¢ : Y1 x Yo — R given by c(y1,v0) = Leo(y1,y0). Let
A C Y1 be nonempty.

1. A equals Yy \ B for some convez set B.

2. If A€ #£ Y, then ACC is convex.

3. Ch,, 18 convex.
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Proof. For claim 1, notice that

A ={y €do; Ine A (y,y) € M xI)\C}=J {wo€Xo; (1, m0) € (1 x o)\ C}

y1€A

= J Yo\ {wo€do; (wi,90) €C=W\ [ {wo€No; (v1,30) € C}

y1€A y1€A

Since C'is convex, {y € Vo ; (y1,%0) € C} is also convex for any y;. The intersection of an arbitrary
collection of convex sets is convex, so A¢ =) \ B for some convex B.

Consider claim 2 next. Notice that
AYC = {y1 € V15 Vyo € Vo \ A%, (y1,50) € C} = ﬂ {y1€ V15 (y1.90) € C}
YoEVo\AC

ACC

Since C'is convex, {y1 € V1 ; (y1,y0) € C'} is convex as well, and thus is convex.

AC’C

Finally, we show claim 3. Similar to , notice that

Crm ={y1 € V15 Voo € Vo, (y1,90) €C= () {v1 € V15 (v1,90) € C}

Y0€o

is the intersection of convex sets and therefore convex. ]
Refer to the convex subsets of R as intervals; specifically, I C R is called an interval if I takes
the form

(4, u) [0, u) (4, u) [0, u]

where ¢ = —o0 is allowed for (¢,u) and (¢,u] and u = oo is allowed for (¢,u) and [¢,u). I¢is the
complement of the interval I.
Lemmas E.13, C.2, and C.11 are relevant when the cost function is ¢(y1,y0) = 1{(y1,%0) € C}

for some nonempty, open, convex C' C V1 x Vp. When this is so, define

Fe={p: Y1 = R; ¢o(y1) = 1;(y1) for some interval I} (92)

Fe=A{Y: Yo = R; ¥(yo) = —11<(yo) for some interval I} (93)

Lemma E.13 (Strong duality for indicator cost functions of a convex set). Let V1,Yp C R, C' C
V1 x Yo be nonempty, open, and convez, and let ¢ : Y1 x Yo — R be given by c(y1,v0) = Lo (y1,y0)-
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Let F. and F¢ be given by (92) and (93) respectively. Then strong duality holds:

inf / oGy, yo)dn(y, o) = sup / (1) dPy(y) + / Dlyo)dPo(yo)  (94)

w€ll(Py,Po) (@,w)eécm(fcxfg)

Proof. Recall that theorem E.10 shows

inf /]lc(yhyo)dw(yhyo) = sup /]lA(yl)dpl(yl)—/ﬂB(QO)dV(yO)
mell(Py,Po) (A,B)ed!

where
®! = {(A,B); AC Y is closed and nonempty, B C Yy is measurable, and 14(y1) — 15(y0) < Le(y1,40)}

We will apply lemma E.5. Let ¢(y1) = 14(y1) for some closed and nonempty A C );. There are
two possibilities:

1. A® =), in which case J(¢*, ¢°) = J(1¢,,,,0), or
2. AY # Yy, in which case J(¢%, ¢¢) = J(1 gcc, —1 4¢).

Since C' is convex, Ci,, and A°C are convex subsets of R (i.e., intervals), as shown in lemma E.12.
A€ is the complement of an interval, and 0 = 15(yo) is the indicator of the complement of R,
which is the interval (—oo,00). Since all functions involved are bounded, they are all integrable,
and lemma E.5 implies

inf / Le(y1, yo)dr (1, o) = sup / (1) APy (y) + / (y0)dPo (o)

nell(P1,P) (0, 0) €PN (fc(tbé)xfé(q’i))

Finally, note that F.(®!) C F. and F¢(®1) C F¢, which implies the strong duality claim in display
(94) holds. O

E.4 Special cases: ¢ (y1,40,9) = 1{y1 —yo < ¢} and cy(y1,%0,0) = 1{y7 —yo > I}

Lemma E.14. Let Fi(y) = P1(Y1 <vy) = [ 1{y1 < y}dPi(y1) denote the cumulative distribution
function (CDF) of P1, and let Fy the CDF of Py. Let cr.(y1,v0,0) = 1{y1 —yo < d}. Then

OT.,(PiP) = _int [ 1= w0 < SYdn(an. )
= max {sup{F3(5) = Foy ~ )}, (1 < min{3i} +5) } (95)
Y

Proof. Let C = {y1 —yo < ¢}. Apply theorem E.10 and lemma E.11 to find that

OT,, (P1, Py) = max{sup P(Y; € AYC) — Py(Yy € A), P, (Y} € Cin)}
AcA
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where

A ={yo€do; W €A, (y1.y0) €C}, A ={y1 €1 Vyo € Yo\ A%, (y1,50) € C},
Cim = {y1 € V1 ; Yyo € Do, (v1,%) € C}.

and A is the collection of closed, nonempty subsets of Y such that A¢ # ).
First consider sup 4c 4 P1(Y1 € ACCY) — Py(Yy € AY). Let A € A and ¢(y1) = 1a(y1). Thus

A ={yeVo; Iy1 € A, (y1,%) € C} = {yo € Vo ; yo < max{A} — 6},
ACC =Ly € V15 Vyo € Yo\ A%, y1 — 9o < 0} = {y1 € V15 y1 < max{A}}

where we've used the fact that A # )y implies sup{A} < oo and so sup{A} = max{A} because
A is closed. Therefore

J(p, %) = Pi(Y1 € A%Y) — Ry(Yp € A°)
= P1(Y1 <max{A}) — Py(Yp < max{A} —9)

which takes the form Fi(y) — Fo(y — 0) for y = max{A}.
Now consider P;(Y; € Ci,,), and notice that

Cim ={y1 € V15 Yyo € Yo, (y1,%) € C={y1 € V1 ; Yyo € Yo, y1 —yo < 6}
={y1 € V1 ; Vyo € Mo, y1 <min{Yp} + I}

Thus P (Y7 € Ciy) = P1(Yh < min{)} + §). The result follows. O

Remark E.5. C1,, may be closed; e.g., let Y1 = [0,1] U [3,10], let Vo = [2,10], and § = 0. Then
Cim={y1 € V1; y1 <2} =10,1].

Corollary E.15. Let cr(y1,%0,0) = 1{y1 — yo < d} and P1, Py have continuous cumulative
distribution functions Fi(y) = P1(Y1 <y) and Fy(y) = Py(Yo < y) respectively. Then

OT,, (P, Po) = ﬂeni(r}}i . / I{y1 — yo < 0}dm(y1,y0) = St;p{Fl (y) — Fo(y —0)} (96)

Proof. Continuity of the cumulative distribution functions implies P (Y7 = d+min{)}) = Py(Yp =
min{)y}) = 0, and thus
Pl(Yl <d+ Hlln{yo}> =P (Yi <6+ mln{yo}) — Po(}/o < mln{yo})

Which takes the form Fy(y) — Fo(y — 0) for y = 6 + min{)p}. It follows that
max {sup{Fl(y) — Fo(y —0)}, A(Y1 < min{dp} + 5)} = sup{Fi(y) — Fo(y — 0)}
y y

and lemma E.14 gives the result. O
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Lemma E.16. Let cg(y1,y0,9) = 1{y1 —yo > 0}. Then

OT., (P, Py) = weHi(I}Dfl . / {y1 — yo > 0}dm(y1, yo)

= max {St;p{ﬂ([y, 0)) = Po([y = 6,00))}, Pr((max{do} + 6, OO))} (97)

Proof. The proof is similar to that of lemma E.14. Let C = {y; — yo > d}. Apply theorem E.10
and lemma E.11 to find that

OT,, (P1, Py) = max{sup P(Y; € AYC) — Py(Yy € A), P,(Y} € Cin)}
AcA

where

AY ={yo € Vo; I € A, (y1,%) €C}, AC ={y1 € V1; Vyo € Yo\ A°, (y1,%) € C},
Cim = {11 € V1 ; Yyo € Do, (v1,%) € C}.

and A is the collection of closed, nonempty subsets of Y such that A€ # ).
Consider sup 4c 4 P1(Y1 € AYCY) — Py(Yy € AY). Let A € A and ¢(y1) = La(y1), and notice
that

A ={ye€Vo; Iy € A, (y1,%) € C} = {yo € Yo ; yo > min{A} — 5},
AYC = {yr e V15 Yy € Vo \AC, y1 —yo <6} = {y1 € V1 ; y1 > min{A4}}

Where as in the proof of lemma E.14, A® # ) implies inf{A} > —oo and so inf{A} = min{A}
because A is closed. Thus

J(%,¢%) = Pi(Y1 € A%Y) = Ry(Yp € A°)
= P (Y7 > min{A}) — Py(Yp > min{A} — 9)

which takes the form P;([y,o0)) — Po([y — 0, 00)) for y = min{A}.
Now consider P;(Y; € Cy,,), and notice that

Cim ={y1 € V1; Yyo € Do, (y1,%0) € C} ={y1 €1 ; Yyo € Vo, y1 —yo > I}
={y1 € V1 ; Yyo € Yo, y1 > max{lp} + I}

Thus P1(Y7 € Ci) = P1(Y1 > max{)y} + d). The result follows. O

Corollary E.17. Let cy(y1,%0,9) = L{y1 — yo > 0} and P1, Py have continuous cumulative
distribution functions Fi(y) = P1(Y1 <vy) and Fy(y) = Py(Yo < y) respectively. Then

OTe (Pr, Poy) = ﬂenif}{ . / H{y1 —yo > 0}dn(y1,%0) = Sl;p{Fo(y —0)—Fi(y)} (98)
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Proof. Continuity of the cumulative distribution functions implies that for any y,

Pl([ya OO)) - PO({y — 0, OO)) = Pl((y’ OO)) - PO((y -9, OO))
=1 -F(y) -1 - Foly—9))
= Fo(y —9) — Fi(y)

and furthermore,

Pl(Yl >0+ max{yg}) =1-—-F (5 + mln{yg}) — (1 — Fo(max{yg})
= Fg(max{yo}) — F1(5 + maX{yo})

equals Fy(y — 0) — Fi(y) for y = max{)p} + 6. Finally, lemma E.16 gives

OT,,, (P, Py) = max {sgp{Play, 50)) — Polly — 6.00))}, Pr((max{Vo} + oo>>}

= sgp{Fg(y —9) — Fl(y)}
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F Appendix: miscellaneous lemmas

F.1 Continuity

Lemma F.1 (Continuity of maps between bounded function spaces). Let f : Dy C RE — RM pe
uniformly continuous. Define the subset of bounded functions on T taking values in Dy:

WWWM:{WT%RKW@EDﬁ%ﬂwm<m}cwwﬁ

Let F : (T, D) — £>°(T)M be defined pointwise as F(g)(t) = f(g(t)). Then F is uniformly
continuous.

Proof. To see that F : ((T,Ds) — ¢>°(T)M is well defined, recall that uniform continuity of f
implies f is bounded on bounded sets. Since {g(t) ; t € T'} is bounded for any g € ¢°°(T,Dy), this
implies sup,||f(g(t))|| < oo and hence F(g) € ¢=°(T)M.
To see uniform continuity of F', let € > 0 and use uniform continuity of f to choose § > 0 such
that for all z, 7 € Dy,
lo— 3 <6 = If(@) - F@Il < /2

Now let g,g € £°(T, Dy) satisty [lg — gllT = supier|lg(t) — g(1)|| < &. Then [lg(t) — g(#)[| < 4 for all
t € T, and hence || f(g(t)) — f(g(¢))|| < /2 for all t € T', and therefore

1F(9) = F(@)llr = supll 7 (9(0) = (3] < 5 < e

which completes the proof. O

Corollary F.2. Let f : Dy C RE — RM be continuous and bounded on bounded subsets of Dy.
Let go € £°(T,Dy) where £>°(T,Dy) is as defined in lemma F.1. Suppose that for some 6 > 0,

mTﬁz{xeRK;mw%uwﬂwsa}
teT

is a subset of Dy. Then F : (®(T,Dys) — (2(T)M defined pointwise by F(g)(t) = f(g(t)) is
continuous at gg-.

Proof. For any g € £°°(T,Dy), we have F(g) € {*°(T)™ because {z ; z = g(t) for some t € T} is
bounded and f is bounded on bounded subsets.

Let {gn}52, C ¢>°(T,Dy) be such that g, — go in £°°(T)X. It suffices to show that F(g,) —
Fl(go) in £°(T)M. Let f : g(T)° — RM be the restriction of f to go(T)%; i.e., f(z) = f(z). Note
that because go(7T')° is a closed and bounded subset of RX | it is compact, and hence f is uniformly
continuous by the Heine-Cantor theorem. Apply lemma F.1 to find that

F - 0°(T, g(T)%) — £=°(T)M, Fg)(t) = f(g(t)) = f(g(t))
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is continuous. Since g, — go in £>°(T)%, there exists N such that for all n > N, ||g, — goll7 =
super|gn(t)—go(t)|| < 4. Let g = gt n. Notice that gx(T) = {z € RF ; x = gx(t) for some t € T} C
go(T)%, and hence g, € £>°(T, go(T)°). Continuity of F' and g — go implies F(g) — F(go). Thus

0= lim 1F(Gk) — F(g0)llr = lim || F(gesn) — Fgo)llr = lim | F(gn) — F(g0)ll7
—00 k—o0 n—00

which completes the proof. O

Lemma F.3 (Uniform continuity of restricted sup). For any set X, subset A C X, and bounded
real-valued functions f,g € £>°(X),

sup f(z) — sup g(z)| < sup|f(z) — g(z)| (99)
€A €A €A

and therefore o4 : £°°(X) = R given by ca(f) = supgeca f(x) is uniformly continuous.

Proof. Observe that

sup f(z) — sup g(z) < sup{f(z) — g(x)} < sup|f(z) — g(z)|
z€A €A €A €A

and

— |sup f(x) —supg(z)| = sup g(x) —sup f(z) < sup{g(z) — f(x)} < sup|f(z)— g(z)|
€A z€A z€A z€A z€A T€A

Together these inequalities imply

—sup|f(z) — g(z)| < sup f(z) —sup g(z) < sup|f(z) — g(z)|
T€EA T€EA €A €A

which is equivalent to (99).
To see uniform continuity, let € > 0 and choose § = . Whenever || f — g||x = supgex|f(z) —
g9(x)] <9,

l0a(f) —oa(g)| = |sup f(z) — sup g(x)| < sup|f(z) — g(x)| < sup|f(z) —g(z)| <d=¢
x€A xcA €A rzeX

which completes the proof. O

F.2 Differentiability

This appendix reviews definitions and various facts related to Hadamard directional differentiability.
The following definitions can be found in Fang & Santos (2019).

Let D, E be Banach spaces (complete, normed, vector spaces), and ¢ : Dy C D — E.

(i) ¢ is (fully) Hadamard differentiable at xy € D, tangentially to Dy C D if there exists a
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continuous linear map ¢, : Dy — E such that

H ¢(x0 + tnhn) — ¢(20)
tn

=0
E

lim
n—oo

= Pl ()

for all sequences {h,}22; C D and {t,}32; C R such that h, — h € Dy and ¢, — 0 as
n — oo, and xg + t,h, € Dy for all n.

(ii) ¢ is Hadamard directionally differentiable at xy € D, tangentially to Dy C I if there
exists a continuous map ¢;,0 : Dg — E such that

=0
E

lim
n—oo

H ¢(xo + tnhn) — P(z0) & (h)

ln

for all sequences {h,}>°; C D and {t,}7°, € Ry such that h, — h € Dy and ¢, | 0 as
n — oo, and xg + t,h, € Dy for all n.

Fang & Santos (2019) proposition 2.1 shows that linearity is the key property distinguishing
directional and full Hadamard differentiability. Specifically, if ¢ is Hadamard directionally differ-
entiable at zo tangentially to a subspace Dy, and ¢ is linear, then ¢ is in fact fully Hadamard
differentiable at xg tangentially to Dy.

Hadamard directional differentiability obeys the chain rule.

Lemma F.4 (Chain rule). Let Dy, Do, and E be Banach spaces and ¢1 : Dy, € Dy — Dy,
¢2 : Dy, € Dy — E be functions. Suppose

(i) p1(Dy,) ={y € Dy ; y = ¢1(x) for some x € Dy, } C Dy,,

(ii) ¢1 is Hadamard directionally differentiable at zo € Dy, tangentially to DT C Dy, with deriva-
tive ¢ ,,(h), and

iii) ¢o is Hadamard directionally differentiable at ¢1(xg) € Dy, tangentially to DI C Dy, with
(ii1) ¢2 2
derivative ¢ ¢1(xo)(h)

Let DT = {z e D{ ; ¢}, (x) € DJ}. The composition function

1,x0

¢ : Dy, = E, ¢(x) = p2(¢1(0))

is Hadamard directionally differentiable at xo tangentially to DT, with

¢ : D' — E, Bo () = D5 1 (20) (P12 (B)

Proof. That ¢ is well defined is clear from assumption (i). To show its Hadamard directional
differentiability, let {h,}>°; C Dy, and {t,}°>, C R, be such that h, — h € DT, ¢, | 0, and
xo + tphy € Dy, for all n. Assumption (ii) implies that

H d1(zo + thhy) — ¢1(z0)
ty

lim

n—oo

— g (h)]| =0 (100)

D2
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Let g, = i [91(20 + tnhn) — ¢1(20)], g = ¢} 4, (), and notice that (100) implies g, — g in Do.
Assumption (i) implies ¢1(x0) + tngn = é1(x0 + thhn) € Dy, for each n, and the definition of
DT implies g € DI. Assumption (iii) implies that

B2(91(x0) + thgn) — P2(o1(z0))
tn

lim '
n—oo

- ¢l2,¢>1(960)(g)HE =0 (101)

Substitute ¢a(p1(wo) + tngn) = d2(P1(x0 + tnhy)), and g = ¢ . (), into (101) to find

H $2(1(wo + tnhn)) — ¢2(é1(z0))
ty

=0
E

lim
n—oo

= D1 (w0) (P (B)

which completes the proof. ]

Remark F.1. When defining and differentiating composition of functions, the outer function’s prop-
erties determine restrictions that must be placed on the inner function to ensure the composition
function is well defined and differentiable.

A familiar example of this is that the domain of the “inner function” ¢; may need to be
restricted to ensure the composition map is well defined. For a simple example, 22 is well defined
and differentiable for any = € R, but log(x?) is only well defined (and differentiable) for x € (0, 00).

A less familiar example shows up only when considering Hadamard differentiability tangentially
to a set. The tangent spaces of each function jointly determine the tangent space of the derivative
of the composition map.

The next lemma shows that Hadamard directionally differentiable functions can be “stacked”.

Lemma F.5 (Stacking Hadamard differentiable functions). Let D, E1, and Eo be Banach spaces,
and Dy C D. Suppose oM Dy — Ey and »? - Dy — Eo are Hadamard directionally differentiable

tangentially to Dy C D at xg € Dy with derivatives ¢g(c?/ Dy — Eq and ¢§C?’ : Dy — Es. Define
¢:Dg — Ey x Ea, ¢(z) = (W (x), ¢ (x))
Then ¢ is Hadamard directionally differentiable tangentially to Dy at xg, with derivative

¢;0 Dy — E1 x Eg, ¢;0(h) = ( (Ilo)/(h)a ¢§c%),(h))

Proof. Hadamard directional differentiability of ¢(!) and ¢(?) tangentially to Dy at zo implies that
for any sequences {h,}52; C D and {t,} € R such that h,, = h € Dy, ¢, | 0, and xo + t,h, € Dy

for all n,
. ¢W (0 + tnhn) — ¢V (o) (1)
nh_)ngO " — ¢y (h)|| =0, and
n E,
) @) (20 + tohn) — 0P (z
nh_g)lo ¢ ( 0 . ) ¢ ( 0) _¢§C%)/(h) =0
n E,
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Since H(el, 62) - (él, é2)HIE1><]E2 = ||61 - é1||1E1 + ”62 - é2”E2 metricizes Eq x Eq (Aliprantis & Border

(2006) lemma 3.3), we have

To + thhy) — o(x
n ElXEQ
(60 o+ taha), 6P @0+ tah) = (60 (@), 6P wo))
- . ~ (6W(n), o2 n)
E1><E2
= || 2¥ @ottnhn) =M (wo) _ (1) ¢ (@o+tnhn)—¢® (zo+tnhn) _ (2)/
< 0 tn 0 Qsl"o (h)a tn o ) E; xEo
W (zo + tphn) — ¢ (z @) (zo + tphn) — 6P (z
_ [ (=0 t) ¢ (0)—¢§;1(J)/(h) +<Z5(0 t) ¢(0)_¢§Czo)/(h>
n El n IEQ
Taking the limit as n — oo gives the result. O

F.2.1 Hadamard differentiability in bounded function spaces

It is common to “rearrange” Donsker sets; i.e. view them not as scalar-valued but vector-valued
with each coordinate occuring over a particular subset of functions (see Van der Vaart (2000)
p. 270). The following lemma shows that one direction of the equivalence can be viewed as an

application of the delta method.
Lemma F.6 (Rearranging Donsker sets). Suppose F = F1U...UFg is P-Donsker, and \/n(P, —
P) LGin °(F). The map ¢ : L°(F) — £°(F1) X ... x L>°(Fk) defined pointwise by

o(9)(f1,-- -, fx) = (9(f1)s -, 9(fK))

is fully Hadamard differentiable at any P € (°°(F) tangentially to £>°(F), and is its own derivative:

Bp  0°(F) = £°(F) % ... x £ (Fr), $p(h) = 6(h)
and hence
Va($(Pn) — ¢(P)) 5 ¢(G) in €°(F1) % ... x (2(Fp)

Proof. The map ¢ is linear; let a,b € R and g, h € ¢>°(F) and notice that for any (f1,..., fx) €
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F1 X ...x Fk,

¢(ag +bh)(f1,..., fx) = ((ag + bh)(f1),...,(ag + bh)(fK))
= (ag(f1) +bh(f1),-..,a9(fK) + Oh(fK))
=a(g(f1),---,9(fx)) + b(h(f1) -, h(fK))
= ag(g)(f1,---, fx) +bd(h)(f1,. .., fK)
= (ad(g) +bo(h))(f1,-- -, [K)

hence ¢(ag + bh) = (ap(g) + bop(h)), as these functions agree on all of Fy x ... X Fk.
Next observe that ¢ is continuous. Recall that the product topology on ¢>°(Fp) x ... x £>*°(Fk)
is generated by the norm

H(Ql,- o 79K) - (hla ce 7hK)”]:1><---><}-K = maX{Hgl - th}—17 SRR ”gK - hKH]'—K}

see Aliprantis & Border (2006) lemma 3.3. Thus

fieF: frKEFK

[¢(9) — oMl Fix..xFi = maX{ sup |g(f1) — h(f1)l,---, sup [g(fKx) — h(fK)!}

=llg—nlr

and hence ¢ is continuous.

Since ¢ is linear and continuous, it is (fully) Hadamard differentiable at any point tangentially
to £*°(F) and is its own Hadamard derivative; indeed, for an: for all sequences h,, — h € {*°(F)
and t, | 0 € R, one has g + t,h,, € {>°(F) and

H ¢(g + tn?n) —9(9)

lim
n—oo

— ¢(h) = lim [|¢(hn) = S(M)l| 7, x..xrre =0

n—oo

F1X..XFg

Finally, since \/n(P,, — P) 5 Gin (>°(F), the functional delta method (Van der Vaart (2000)
theorem 20.8) implies v/ (6(Pr) — ¢(P)) 5 ¢(G) in £2°(F) x ... x (=°(Fx). 0

Although the following lemma and its corollary are stated for functions taking values in R, by
combining it with lemma F.5 a similar result can be obtained for functions taking values in RM

similar to the setting of lemma F.1. Compare van der Vaart & Wellner (1997) lemma 3.9.25.

Lemma F.7 (Hadamard differentiability of maps between bounded function spaces). Let f : Dy C
RE — R. Suppose that

1. f is continuously differentiable, and

2. the gradient of f,
Vf:Ds - RE, Vf(z) = <a%(x) %(@) ;

is uniformly continuous.
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Define the subset of £°(T)% taking values in Dy,
>°(T,Dy) = {g T — RE; g(t) € Dy, sup|lg(t)]| < oo} C oo(T)E
teT
and the subset of £°°(T, D) such that composition with f defines a bounded function:

(F(1.05) = {g € £(.Dp)  suplf(a(0)] < oo}

Then F : {F(T,Dy) — £°(T) defined pointwise with F(g)(t) = f(g(t)) is (fully) Hadamard
differentiable tangentially to £>°(T)X at any go € (3°(T, Dy), with derivative Fy 0°(T)K — °°(T)
given pointwise by

5 of
Fgo()(0) = [V (go()]T h(t) = 37 5 (g0(t)) (1)
k=1

Proof. The domain of £3°(T',Dy) ensures that F': £3°(T,Dy) — £>°(T) is well defined.

Let {h,}22, C ¢>°(T)X and {r,}2>; C R such that h,, — h € £°(T)X, r,, — 0, and go+rnhy €
(7 (T,Dy) for each n. For each n and each ¢ € T', apply the mean value theorem to find A, (t) € (0, 1)
such that g, (t) = A\ (t)(go(t) + rnhn(t)) + (1 — Ao (t))go(t) satisfying!®

f(ao(t) + rahn(t)) — f2o(t) = [V f(gn ()] (o(t) + rnhn(t) — zo(t))
=75 [V f(gn ()] hn(t)
Use this to see that for all n and all t € T,

Plao®) % ruln®)) = HolD) g gy (1) (1) = [ (0 () Tn(8) — ¥ (0 (1)) (1)

< IV (gn()Thn(t) =V f(g0(£)) hn ()] + [V f(g0(£)) T hn(t) = V (g0 () Th(2)]
<V (gn(t)) = V(o@D X ([ (O] + IV (go (@) X [[hn(E) — R(D)]

where the first inequality is by the triangle inequality and the second by Cauchy-Schwarz in R,
It follows that

f(gﬂ(t) + rnhn(t)) — f(90<t>)

ilel? " - Vf(go(t))Th(t)
< jggllvf(gn(t)) — Vf(go@®))Il x jgllhn(t)ll (102)
+§£||Vf(go(t))\l X iggllhn(t) —h()] (103)

The mean value theorem being invoked here is the standard result: for any z,# € Dy, let gz : [0,1] — R be
given by gz,3(A) = f(AZ + (1 — A)z). Then ¢,,3(0) = f(z) and g.,3(1) = f(Z), and the mean value theorem tells us
that there exists A € (0,1) such that

f(@) = f(2) = g5 (1) = 92.5(0) = g2z (M) (1 = 0) = [VF(AZ + (1 = Na2)]" (& — x)
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Consider the term in (102). Recall that for some A\, (t) € (0,1),

gn(t) = An(t)(go(t) + rnhn(t)) + (1 — An(t))go(t)
= M (O)rnhin(t) + go(t)
and so
llgn = gollT = sup||An(t)rnhn (B[] < [rn] X sup||hn(t)[] = 0
teT teT
where the limit claim follows from sup,cp||hn(t)|| = [|hnllT — ||R]l7 < 0o (implying {supcr||hn(t)]}52,

is bounded) and r, — 0. Thus g, — go in ¢°(T)X. Using this and uniform continuity of
Vf:Dy — RE lemma F.1 implies Vf(g,) — V£(go) in £°(T)E, i.e.

IV f(gn) = V(g0)llT = ilelgHVf(gn(t)) —Vf(go@)Il —0

Using once again that {sup,cr||h,(t)]|}02; is bounded, this implies

lim_sup|[V f(gn(t)) — Vf(g0(£))] x iggl!hn(t)ll =0 (104)

n—oo teT

Now consider the term in (103). sup;cr||V f(g0(t))]| < oo because ||V f(-)|| is uniformly continu-
ous and sup;cr||go(t)|| < oo, just as in the proof of lemma F.1. Furthermore, lim,,_, o Sup;ep||hn(t)—
h(t)|| =0, so

lim sup|[V f(go(t))|| x sup||hn(t) = h(t)[| = 0 (105)
N0 teT teT

Combining (102) through (105) we obtain

i sy | F(900) (1)) = Fan(t)

n—o0 teT n

— Vf(go(t))Th(t)] = 0

which concludes the proof. O

Remark F.2. Lemma F.7 specifies the domain of F as £3°(T,Dy) = {g € (*°(T, Dy) ; super|f(g(t))] < oo}
It is often straightforward to clarify the space £3° (T, D¢) in particular cases; for example, tF (T,Dy) =
(>°(T,Dy) if f satisfies any one of the following: (i) f is bounded, (ii) f is Lipschitz, or (iii) f is
bounded on bounded subsets (e.g., f(z) = x is bounded on bounded subsets) See also lemma C.6.
Lemma F.7 requires Vf(-) be uniformly continuous, but this often stronger than necessary.
When hoping to argue F' : (7°(T,Dy) — £>°(T') defined pointwise with F(g)(t) = f(g(?)) is (fully)
Hadamard differentiable at gg € E?O(T, Dy), it suffices that f is continuously differentiable on a
closed set slightly larger than the (bounded) range of gg. Compactness of this expanded range and
the fact that continuous functions on compact sets are uniformly continuous allow us to apply the
preceding lemma. This logic is formalized in the following corollary.

Corollary F.8 (Hadamard differentiability of maps between bounded function spaces, corollary).
Let f : Dy C RE — R be continuously differentiable.
Define the subset of £°(T)% taking values in Dy,

£(1,5) = {5 T > R¥ s (0 € Dy suplaft)] < o0} € ()
(S
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and the subset of £°°(T, D) such that composition with f defines a bounded function:
(F(T,Dy) = {g € >°(T,Dy) ; i‘g‘f(g(t))‘ < OO}

Let g € E?O(T, D¢), and suppose that for some 6 > 0,

Then F : {F(T,Dy) — £°(T) defined pointwise by F(g)(t) = f(g(t)) is (fully) Hadamard dif-
ferentiable at gy tangentially to (>°(T)X, with derivative o (2(TYE — 1°°(T) given pointwise
by

K
Fp, () (1) = [V f(go()]Th(t) = D 75— (90(t)h(t)

Proof. Let f : 90(T)? — R be the restriction of f to go(T)°. Note that f is continuously differen-
tiable on the compact go(T)° € RE hence Vf is in fact uniformly continuous by the Heine-Cantor
theorem. Apply lemma F.7 to find that

F: 3(T, go(T)°) — £(T), F(g)(t) = flg(t) = f(g(1))

is (fully) Hadamard differentiable at go, with derivative Féo : 4°(T)K — (>°(T) given pointwise by
Fg’o(h)(t) = [V f(go(t)] h(t); By cleﬁnition, this means that for any sequences {hp}oo, C (T
and {7,}°%, C R such that h, — h € £>°(T)X, 7, — 0, and go + 7nhn € £2°(T, go(T)°) for all n,

F(go + 7nhn) — F(g0)

=0 (106)
T

— F) (h)

Let {hn}22, C °°(T)%, {r,}2; C R be such that h,, — h € £>°(T)%, 1, — 0, and go + rnhy €
(>°(T,Dy) for all n. It suffices to show that

HF(QO +Tnhn) - F(QO) _F (h)H
T 90 -
_ jngf f(go(t) + Tnh:it)) — f(g0(t)) — [V £(go(t)]T h(t)

has limit zero.
Notice that go +7nhy, — go in £°(T)X, so for some N we have that for all n > N, |lgo + rnhn —
gollT = T supser||hnl| < 0. Tt follows that for k € N, go + rpenhesin € €°(T, go(T)°) and hence
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Ty = N and hy = hi+n are sequences for which (106) applies. Therefore,

F nhn) — F . F h - F
lim H (90 +rph ) (90) o F;O(h)" — lim H (90 +rk+N k+N) (gO) o Fé/m(h)H
n— 00 Tn T k—oo T4+ N T
Floo + 7o) — F
k—00 Tr 90
T
=0

Where the second equality follows from F(go + fkizk) = F(go + rg+Nhi+n) and F(go) = F(go). O

The following lemma is lemma S.4.9 from Fang & Santos (2019), but the authors state it for a

metric space. The same proof works to show that statement holds in semimetric spaces as well.?°

The statement and proof are included here for completeness.

Lemma F.9 (Hadamard directional differentiability of supremum). (Fang & Santos (2019) lemma
S.4.9)
Let (A,d) be a compact semimetric space, A a compact subset of A, and

P L(A) = R, Y(p) = Sup p(a)

Then 1 is Hadamard directionally differentiable at any py € C(A,d) tangentially to C(A,d).
U 4(po) = arg max,c 4 po(a) is nonempty, and the directional derivative is given by

P - C(A,d) = R, Yo (0) = sup  p(a)
a€¥ 4 (po)

Proof. Let pg € C(A). Since A is compact, ¥4(pg) = argmax,c 4 po is nonempty (Aliprantis &
Border (2006) theorem 2.43). Let {p,}5°; C ¢*°(A) and {t,}5>; € R4 such that p, — p € C(A)

20Some useful facts about semimetrics: (i) A semimetric defines a topology that is first countable (Aliprantis &
Border (2006) pp. 70, 72), but this topology is not second countable or Hausdorff. The limits of sequences are
not guaranteed to be unique. (ii) In a semimetric space, sequences still characterize the closures of sets, as well as
continuity and semicontinuity of functions (Aliprantis & Border (2006), theorems 2.40 and 2.42 on pp. 42-43). (iii) A
subset of a semimetric space is compact if and only if it is complete and totally bounded (van der Vaart & Wellner

(1997), footnote on p. 17).
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and t, | 0. Notice that

Y(po + tnpn) — ¥(po)
ty

— U (P)

_ |8uPeea {Po(a) + tapn(a)} — supsea pola) sup  p(a)
tn a€¥ 4(po)

_ |3Waca {P0(a) + tapn(a)} — suPacw, (py) P0(a) sup  p(a)
th a€¥ 4(po)

SupaE\I/A(po) {p[)(a) + tnp(a)} — Supae\IIA(po) p()(a) sup p(a)
tn a€¥ 4 (po)

SUPgcA {po(&) + tnpn (a)} — SUDgecA {po(&) + tnp(a)}
128
L [$WPaca {po(a) + tnp(a)} — sup,ey ,(py) {Po(@) + tup(a)} ‘
tn

IN

(107)

i (108)

(109)

First, consider (107). Notice that pg is flat on W 4(po), so

sup, a) +typ(a); — sup, a
p €W 4(po) {p()( ) p( )} P E\IIA(po)pO( ) . sup p(a)

tn aG\I/F(po)

sup p(a) — sup p(a)| =0 (110)
a€W 4 (po) a€¥ 4(po)

Next consider (108). Since pg + t,p, and pg + t,p are elements of £>°(A), lemma F.3 implies

SUP,ea {P0(@) + tapn(a)} — sup,ea {po(a) + tup(a)} ’

ln
< sup|pn(a) — p(a)| < [lpn —plla — 0 (111)
acA
Now consider (109). Notice that
p:C(A) = A, e(g) =A

is a trivially continuous correspondence with nonempty, compact values. Furthermore,
Ipy 1 C(A) x A = R, Ipy(g,a) = po(a) + g(a)

is continuous on all of C(A) x A.?! Thus sup,c 4 {po(a) + g(a)} = max,ey(g) Ipy (g, a) satisfies the
conditions of the Berge Maximum Theorem (Aliprantis & Border (2006) theorem 17.31), implying
the argmax corresondence ® : C(A) =2 A given by ®(g) = VU 4(po+ ¢) is compact valued and upper

2ITo see this, recall that the topology of C(A) x A is generated by the semimetric p((g,a),(§,a)) =
max {||lg — g|la,d(a,a)} (Aliprantis & Border (2006) lemma 3.3). Let ¢ > 0 and g € C(A). Note that each ele-
ment of C(A) is a continuous function defined on a compact set, and is hence uniformly continuous by the Heine-
Cantor theorem (lemma F.10). Use uniform continuity of po and ¢ to choose dp,,d, > 0 such that d(a,a) < dp,
implies |po(a) — po(@)| < &/3, and d(a,a) < 04 implies |g(a) — g(a)| < €/3. Let 6 = min{dp,,d4,¢/3}, and no-
tice that p((g,a),(g,a)) < ¢ implies |po(a) — po(a)| < €/3, |g(a) — g(a)| < €/3, and ||g — glla < /3, and hence
ITpo (9, @) = T'po (3, @)| = Ipo(a) + g(a) — po(a) — §(@)| < Ipo(a) —po(@)| + |g(a) — g(a)| + |g(a) — g(a)| <e.

115



hemicontinuous.

Let U4(po)€ = {a € A infaep, (py) d(a,a) < e}. Upper hemicontinuity and ||¢,p||a — 0 implies
that there exists d, | 0 such that W4 (po + t,p) € ¥ (po)°». 2

It follows that

SuPgea {Po(@) + tnp(a)} — suPaey , (py) {Po(@) + tnp(a)}
ln

1

= | _sw {po(a) + tup(a)} — sup {po(a)+ tnp(a)}

a€W 4 (po)on a€W 4 (po)
Let asn € argmax,cy, (py) {Po(a) + tnp(a)}, which is nonempty because W4(po) is compact and
po(a) + typ(a) is continuous. Let ap, € Va(po + typ) C W A(po)°™ satisfy d(app,asn) < 0y, and

notice that W (pg + tnp) € ¥A(po)®" implies SUDgew 4 (po)in {po(a) + tnp(a)} = polapn) + tap(aspn)-
So,

sup  {po(a)+tup(a)} — sup {po(a)+t,p(a)}
a€W 4(po)on ac¥ 4(po)

= pO(ab,n) + tnp(ab,n) - pO(as,n) - tnp(as,n)
< p(ab,n) - p(asm)

1
t

where the inequality follows because as, maximizes py over A while a;, may not. Furthermore,
d(ab,na as,n) < dn implies

plapn) = plasn) < sup {p(a) —p(d)}
a,a’ €A, d(a,a’)<dn

22T see this, recall the definition of ® being upper hemicontinuous (uhc) given in Aliprantis & Border (2006),
definition 17.2: @ is uhc at g if for every neighborhood U of ®(g), the upper inverse image

$"(U) = {h € C(A) ; ®(h) C U}

is a neighborhood of g, i.e. g is in the interior of ®*(U), so there exists 7 > 0 such that ||g—g||a < n implies § € & (U),
and hence ®(g) C U. Since U 4 is uhc and W 4 (po)€ is a neighborhood of W 4 (po), whenever ||po+t.p—po|la = tn||plla <
€ we have that U(po + tnp) C U4(po)©.

Let

= max min d(a,a)
a€W 4 (pottnp) GEY 4 (po)
The inner min is attained because d is continuous and the feasible set is compact. a — maxzew ,(py){—d(a, @)} is con-
tinuous by the Maximum Theorem (Aliprantis & Border (2006) theorem 17.31), which implies a +— minzecy , (py) d(a, @)
is continuous. The outer max is then attained because the feasible set is compact. Notice that d,, that W a(po+t,p) C
Wa(po)’

Suppose for contradiction that &, /4 0. Then there exists ¢ > 0 and a subsequence {8, }o7_; such that §,, > e
for all n/, which implies Wa(po + t,p) Z Wa(po)/? for all n'. Wa(po)*? is a neighborhood of W(py) = ®(0),
and @ is uhc at 0, hence ®“(W¥(po)*/?) is a neighborhood of 0 € C(A). So for some n > 0, ||t,/p|| < n implies
®(tnp) = Wa(po + twp) € Wa(po)/?. Since t,p — 0 € C(A), there exist n’ with ||t,/p|la < 7, and for such n’ we
have W4 (po + t,p) C U A(po)e/ by upper hemicontinuity. This is the desired contradiction; therefore 4, — 0.

If 0,, does not converge monotonically to zero, set 8 = sup{dx ; k > n}. Note that 5, 1 0 and &, > 6n, the latter
of which implies ¥ 4 (po + tnp) C \I’A(po)
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and hence

SuPgea {Po(a) + tnp(a)} — SUPaew , (py) {Po(a) + tnp(a)}
tn

< sup {p(a) —p(a)}
a,a’ €A, d(a,a’)<ép

-0 (112)

Where the limit claim follows from p being a continuous function defined on a compact set, and so
is in fact uniformly continuous by the Heine-Cantor theorem (lemma F.10).
To summarize,

@Z}(pO + tnpn) - 7!}(]70)

L — ¥, (D)
sup,, a) +typla)y — sup, a
< | $UPacva() {po(a) f( )} Pacw 4 (po) P0(@) sup pla)
n a€W 4 (po)
4 [8Paca {Po(a) + tnpn(a)} — suPgea {po(a) + tpla)}
ln
L [$WPaca {po(a) +tnp(a)} — supgew , (no) {P0(a) + tnp(a)}
ln
along with (110), (111), and (112) implies that ¢ is Hadamard directionally differentiable at any
po € C(A) tangentially to any p € C(A), with v, (p) = suPgcw , (py) P(@)- O
F.3 Other

The Heine-Cantor theorem is usually stated for metric spaces. As it is applied in the proof of
lemma F.9 to a setting with semimetric spaces, the statement and standard proof are included here

to make clear the result applies to semimetric spaces as well.

Lemma F.10 (Heine-Cantor theorem). Let (X,dx) and (Y,dy) be semimetric spaces, X compact,
and f : X =Y continuous. Then f is in fact uniformly continuous.

Proof. Let € > 0. For each z € X, use continuity of f to choose §, such that

dx(z,2') <26, = dy(f(x), f(z)) <e/2

Let By(z) € X be the open ball of radius d centered at z. Then |J,.x Bs,(z) is an open cover
of X. By compactness of X, there exists z1,..., 2, such that | J;, Bs, (z;) covers X. Let ¢ =
minie(1 . pn} Oz;- As the minimum of a finite number of positive real numbers, we have § > 0.

Suppose dx(z,2') < 0. Since JiL, Bs,, (i) covers X, there exists k& € {1,...,n} such that
z € Bs, (z)). Notice that

dx (2 zp) <dx(2',x) +dx(z,21) < 6 + 0z, < 204,
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and thus dx(z,2’) < ¢ implies dx (', ) < 20, and dx(z,zi) < 0z, < 20, for whichever k is
such that = € Bs,, (). Then the definition of J,, implies

dy (f(z), f(2")) < dy (f(z), fzx)) + dy (f(2k), f(2') <e/2+e/2=¢
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